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Solution to exercise sheet 6

Exercise 1: Prove that

AG¢ € CTL({EU}, N),
where ¢ € CTL({EU},N) via equivalent transformations (according to the semantics)
of ~(~EU=¢).

Solution:

M,s = ¢EU iffEIW:(\SQJ,Sl,...)EIiZO Vi<j<i:M,sj=¢and M,s; =
M, s = —(¢EUY) iffVﬂ:(\se/,sl,...)ViEO 1 <j<i:M,sjlEdor M,s; =
M, s = =(—~¢pEU—) iffVﬂ:(\sE/,sl,...)ViZO 1 <j<i: M,sjl=¢ or M,s; =1
=s =((EF—))AU) =AGY
iff M, s = ((EF—)AUg) V AGy)

Hence =(TEU=¢) = AG¢. Observe that these transformations are valid as it holds
AG¢p = -EF—¢ = -(TEU—¢). O

Exercise 2: An AC’-circuit has constant depth and may use A- and V-gates of
unbounded fan-in. A circuit family is a sequence C = (Cp)nen where C), is a cir-
cuit with n inputs. The function computed by C is given by fe(w) = fe,, (w) and
fe: {0,1}* — {0,1}*. A TCcircuit is an AC’-circuit which additionally may use gates
for the majority function MAJ. A <.q-reduction is computable via an AC°-circuit fam-
ily. The language MAJ =g4e {w € {0,1}* | |w|1 > |w|o} is TC’-complete w.r.t. <eq-
reductions.

An oracle gate for

e BCOUNT with n inputs outputs the number of of 1s in binary.

e LEQ gets two binary numbers as input and outputs true iff the first bit string is
less than or equal to the second one.

e SUB gets two binary numbers a, b as input and outputs max{0,a — b}.

It is known that LEQ, SUB € AC? and BCOUNT e TC".
Let T be a set of CTL-operators and let B be a finite set of Boolean functions.
Now prove the following;:



1. Given a formula ¢ € CTL(T, B) then there exists a TC"-circuit family C with oracle
gates from LEQ, BCOUNT and SUB which verifies the syntactical correctness of
the given formula. The main part of the circuit will then check if the opening and
closing brackets are consistent. Hence this shows that CTL(T, B) <.q MAJ.

2. It also holds MAJ <.q CTL(T, B).

Together these two items imply CTL(T, B) is TC%complete w.r.t. <.q reductions.

Solution: (1) Fix a finite set of atomic propositions PROP and a set B’ of used Boolean
connectives. At first we need to consider the binary representation of formulas. As there
are only constant many different symbols we can use a block encoding scheme.
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Each block corresponds with its pattern to a symbol of a given formula ¢ € CTL(T, B).
The simple part requires the detection of trivial errors, e.g., two propositions occurring
at position ¢ and ¢+ 1 without connective in between, or the repetition of two A symbols.
This kind of errors can be spotted with constant depth.

Now turn towards the consistent use of brackets. Here we will build a circuit of depth 2
below each such block. Each of these blocks has two out-gates: o; and ¢; s.t. o; = 1 iff
block i encodes ’(’ and ¢; = 1 iff block 7 encodes ’)’.
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Depending on these gates, o; and ¢;, we can use BCOUNTgates to count opening and
closing brackets. With SUBgates we can compute how many opening, resp., closing
brackets have to be closed, resp., opened. If for every prefix of the input enough closing
brackets are available, and if for every suffix enough opening brackets are there, then we
can conclude that the input is consistently bracketed.

Finally we can define this kind of test with a circuit of depth 4 as follows (m is the
number of blocks):

A LEQ (SUB(BCOUNT(ol, ...,07),BCOUNT(cy, ..., ¢;)), BCOUNT(cy, . .. ,cm)>/\

=1

m

/\ LEQ (SUB(BCOUNT(cm, ...,¢),BCOUNT (0p, ..., 0;)),BCOUNT (o, ..., oi)).
i=1

(2) Given w € {0,1}" then it holds |w|; > |w]p iff there is a k s.t. 0 < k < n: |w|; =
|wOF|g. Hence, w € MAJ iff \/gcpe,, [17w0"¥|; = [17w0" K|y is satisfiable. More, if
w € MAJ then it holds |u|; > |uo for every prefix u of 1"w0"** s.t. k = |w|; — |wlo.
For ¢ which satisfy |[1"w0"|; = [17w0"+¢|g the expression 1"w0"+* can hence be seen
as a balanced bracketed.

Let p € PROP and ® be a binary projection x1 ® T2 =qef 1. Independent of how B
is defined there always exists such a function in [B]. Now it is not difficult to define a



homomorphism h which maps {0, 1}* to {(,),p, ®}* s.t. 1"w0"+* € MAJ iff h(1"w0"+*)
is a syntactical correct CTL(T, B) formula. Hence define

(, ifw,=w1=1lorw;, =1,i=n

p, ifl=w;#wy1 =0
hws) =ger {7 7 i .

), ifw; =wi1=0o0rw; =0,i=n

)®, if 0= ws 7& Wi+1 = 1,
for w = wyws ... wyp und 1 < i < n. Then it holds w € MAJ gdw. \g<p<, h(1"w0"F) €
CTL(T, B).
Now it is clear how one can construct an AC? circuit with oracle gates for CTL(T, B) to
decide MAJ and thus MAJ <.q CTL(T, B). O



