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Solution to exercise sheet 3

Exercise 1: A frame (W, R) is said to be symmetric iff Yu,v € W: uRv — vRu.
Prove that every S5-frame is symmetric

Solution: Let (W, R) be an S5-frame. Hence we have: u,v,w € W with w = v and
w # u,w # v implies wRv due to reflexivity. If wRu then uRv as Yu,v,w € W:
wRu AwRv — uRwv.

O

Exercise 2: Prove that S5-ML-SAT (BF) is NP-complete w.r.t. <198 reductions.

Solution: We follow [Ladner 1977, p. 479]. First we show a short model property for
this kind of formulas.

Claim. If ¢ € S5-ML-SATq (BF) and m = |¢|o + |¢|¢ then ¢ can be satisfied in a
S5-frame with < m + 1 worlds.

Proof of Claim. Let ¢ € S5-ML-SAT (BF) via (reflexive, transitive, symmetric, eu-
clidean) S5-model M = ((W, R),V). Hence (W,R) is a complete graph. Construct
mapping 7: SF(¢) — W s.t. ¢ is satisfied in S5-model (Range(7), R|range(r) V [Range(r))
and |Range(7)| < m + 1. 7 is inductively defined:
set 7(¢) € W, s.t. 7(¢) € V (o),
7(B) = 7(a) if « = =, (eval. prop. formulas in same world)
TB)=7(v) =7(a)ifa=FAy, ()
if @ = 0p and 7() ¢ V(a), then choose 7(3) € W, s.t. 7(8) ¢ V(B),

(O moves to new worlds)
where o € SF(¢) and V : SF(ML) — P(W) is the valuation V extended on modal
formulas as follows

w e ViaAp)iff we Via)and w € V(B),
w e V(-a) iff w ¢ V(a),
w e V(Da) iff Vo' € W : wRw' — w' € V(a).



By construction: |[Range(r) < m + 1. Set M' = (W', R'),V’) with W' = Range(7),
R’ = R|wr, and V' = V. For all b € SF(¢) we have 7(¢) € V() iff 7(¢) € V' (¢)
(by induction). -

The NP-algorithm just guesses such a model of size linear in |¢| ans afterwards verifies
it via the polynomial time model checking algorithm.

As SAT(BF) is a special case of S5-ML-SATq ((BF) we get NP-hardness and together
NP-completeness. O



