Table of Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1. Complexity Measures and Reductions . . . . . . . . . . . . . . . . . . . . 5 1.1 An Example: Addition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Circuit Size and Depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.3 More Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.3.1 Iterated Addition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.3.2 Multiplication. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.3.3 Majority . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.3.4 Transitive Closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 1.4 Constant-Depth Reductions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.4.1 Iterated Addition and Multiplication . . . . . . . . . . . . . . . . 20 1.4.2 Iterated Multiplication . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.4.3 Counting and Sorting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.5 Asymptotic Complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.5.1 A Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 1.5.2 An Upper Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2. Relations to Other Computation Models . . . . . . . . . . . . . . . . . . 35 2.1 Time on Turing Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.2 Space on Turing Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.3 Non-uniform Turing machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.4 Uniform Circuit Families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 2.5 Alternating Turing Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 2.5.1 Computation Model and Complexity Measures . . . . . . . 53 2.5.2 Relations to Deterministic Complexity . . . . . . . . . . . . . . 56 2.5.3 An Example: Addition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 2.5.4 Input Normal Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 2.6 Simultaneous Resource Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 2.6.1 Uniformity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 2.6.2 Time and Space on Alternating Machines . . . . . . . . . . . 63 2.7 Parallel Random Access Machines . . . . . . . . . . . . . . . . . . . . . . . . 67

X Table of Contents

Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 3. Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 3.1 The Elimination Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.1.1 A Lower Bound for the Threshold Function . . . . . . . . . . 80 3.1.2 A Lower Bound for the Parity Function . . . . . . . . . . . . . 81 3.2 The Polynomial Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 3.2.1 Perceptrons and Polynomial Representations . . . . . . . . . 84 3.2.2 Degree Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 3.3 Lower Bounds for Constant-Depth Circuits . . . . . . . . . . . . . . . . 89 3.3.1 Depth Reduction for Constant-Depth Circuits . . . . . . . . 89 3.3.2 Approximating Circuits by Polynomials . . . . . . . . . . . . . 95 3.3.3 Smolensky’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 4. The NC Hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.1 Bounded Fan-in Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 4.2 Unbounded Fan-in Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 4.3 Semi-Unbounded Fan-in Circuits . . . . . . . . . . . . . . . . . . . . . . . . . 110 4.3.1 Polynomial Tree-size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 4.3.2 Closure under Complementation . . . . . . . . . . . . . . . . . . . 113 4.4 The Decomposability of the NC Hierarchy . . . . . . . . . . . . . . . . . 118 4.5 Classes within NC^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 4.5.1 Uniformity within NC^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 4.5.2 A Hierarchy of Classes within NC^1 . . . . . . . . . . . . . . . . . 126 4.5.3 Algebraic Characterizations . . . . . . . . . . . . . . . . . . . . . . . . 127 4.5.4 A Logical Characterization . . . . . . . . . . . . . . . . . . . . . . . . 136 4.6 P-Completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 4.6.1 Reducibility Notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 4.6.2 Circuit Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 4.6.3 Graph Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 4.6.4 Problems from Logic, Algebra, and Language Theory . 156 4.7 Overview of the Classes of the NC Hierarchy . . . . . . . . . . . . . . . 159 Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 5. Arithmetic Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 5.1 Complexity Measures and Reductions . . . . . . . . . . . . . . . . . . . . . 173 5.2 Evaluating Arithmetic Circuits by Straight-Line Programs . . . 178 5.3 Counting Problems in Boolean Circuits . . . . . . . . . . . . . . . . . . . . 181 5.3.1 Counting in SAC^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 5.3.2 Counting in NC^1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190 5.3.3 Counting in AC^0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Table of Contents XI

5.4 Relations among Arithmetic and Boolean Circuit Classes . . . . 206 Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

6. Polynomial Time and Beyond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 6.1 The class P/Poly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215 6.1.1 BPP and P/Poly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216 6.1.2 NP and P/Poly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217 6.1.3 Lower Bounds for P/Poly . . . . . . . . . . . . . . . . . . . . . . . . . 220 6.1.4 Lower Bounds for Uniform Circuits . . . . . . . . . . . . . . . . . 222 6.2 A Lower Bound for Uniform Threshold Circuits . . . . . . . . . . . . 223 Bibliographic Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

Appendix: Mathematical Preliminaries . . . . . . . . . . . . . . . . . . . . . . . 233 A1 Alphabets, Words, Languages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 A2 Binary Encoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 A3 Asymptotic Behavior of Functions . . . . . . . . . . . . . . . . . . . . . . . . 234 A4 Turing Machines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234 A5 Logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236 A6 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 A7 Numbers and Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 A8 Algebraic Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 A9 Linear Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241 List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257 Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

XII Table of Contents

Introduction

Theoretical investigations of switching circuits go back to the early papers by Shannon and Lupanov [Sha38, RS42, Sha49, Lup58]. Shannon (and his co-author Riordan) used Boolean algebra to design and analyze switching circuits. Lupanov was the head of a group of Russian mathematicians, working on the question of how many gates a switching circuit must have to be able to perform certain tasks.

The theory of logical design and switching circuits then developed rapidly. The direction which complexity theoretic research on circuits took was heavily influenced by Savage’s textbook [Sav76]. Savage (also in earlier papers) related Boolean circuits to other well-established computation models, most prominently the Turing machine. This offered the hope that the P^?= NPproblem might be solved via circuit complexity. This hope was boosted by the development of strong lower bound techniques in the 1980s.

Around that time, a variety of concrete and abstract models for parallel computers also emerged. Boolean circuits could be related to these models (in particular, the parallel random access machine, PRAM), facilitating the study of the computational power of such devices.

Thus the field of circuit complexity has attracted interest from a number of different viewpoints, both practical and theoretical. The reader will see throughout this book that a lot of the questions that were asked, and a lot of the definitions and constructions made, can only be understood with this two-fold influence in mind.

In Chap. 1 we start by examining a number of problems of highly practical relevance, such as basic arithmetic operations (addition, multiplication, division), counting, sorting, etc., from a circuit complexity viewpoint. We formally develop the computation model of Boolean circuits and construct efficient circuits for these problems.

The computation model of circuits has one characteristic which makes it different from other familiar models such as the random access machine or the Turing machine: A Boolean circuit has a fixed number of input gates. Thus a single circuit can only work on inputs of one fixed length (in contrast to a machine program which works for inputs of arbitrary length). If we want to solve the problems above (which are defined for different input lengths) by circuits, we therefore have to construct one circuit for each input length. This is why the Boolean circuit model is referred to as a non-uniform computation model, in contrast to, e. g., the Turing machine, which is a uniform model. The name stems from the fact that the various circuits for different input lengths may have a completely dissimilar structure. This has the consequence, as we will see, that there are even non-computable functions which can be “computed” by small circuits.

From an algorithmic point of view, this is certainly not what we wish: An algorithm for a problem should be a finite object (as a finite text in a programming language, or a finite transition function of a Turing machine). Hence an infinite family of circuits, one for each input length, will not be considered an algorithm. However, the examples we construct will have the property that the distinct circuits in the family have a very regular structure, in particular, circuits for different input lengths do not differ too much. This makes it possible to give a finite description of the structure of the infinite family. If such a description is possible then we say the circuit family is uniform. We will examine several ways to make these ideas precise, leading to various so-called uniformity conditions.

In Chap. 2 we compare the model of Boolean circuits with a number of other computation models, such as deterministic and alternating Turing machines and parallel random access machines. We will show how these machines can simulate uniform circuit families, and, vice versa, how circuits can be constructed to simulate the computation of such machines. We will also consider so-called non-uniform Turing machines and relate them to nonuniform circuits.

In Chap. 3 we turn to the theory of lower bounds. We start with the examination of some abstract problems which, however, in the end lead to results about the complexity of the problems defined and examined in Chap. 1. We will thus be able to give very precise statements about the circuit complexity of problems like sorting, multiplication, etc.

All lower bounds given in this chapter will indeed hold for non-uniform circuits; e. g., we will show that multiplication cannot even be computed by non-uniform circuits of a certain complexity. In Chap. 4 we come back to our algorithmic standpoint and hence to the study of uniform circuits. We examine the class NC, a class of immense importance in the theory of parallel algorithms. This class, in a sense, captures the notion of problems with very fast parallel algorithms using a feasible amount of hardware. We will consider different aspects of the class NC and its structure, and come up with relations to diverse fields of mathematics such as group theory or finite model theory. A further computation model, the so-called branching programs, will turn out to be important in this chapter.

In Chap. 4 we also develop a theory of P-completeness, analogous to the well-known NP-completeness theory. P-complete problems are the “hardest” problems in the class P, and they will most likely not be in NC, i. e., they will not have efficient parallel algorithms. We will encounter a large number of examples in this book.

In Chap. 5 we turn to circuits whose basic components are not logical gates but addition and multiplication gates. This study is thus not immediately motivated from a VLSI or engineering point of view, as is the case for Boolean circuits. The importance of this model stems from the fact that it serves as a theoretical basis for the field of computer algebra. There are interesting connections between Boolean circuits and these so-called arithmetic circuits, as we will see.

All problems considered in Chaps. 1–5 have efficient sequential algorithms, i. e., they are members of the class P. In Chap. 6 we turn to higher classes and show how they relate to Boolean circuits. We also come back to the theory of lower bounds in this final chapter, and we examine the power of (non-uniform) small circuits, where “small” means having a number of gates bounded by a polynomial in the input length. Can, for example, NP-complete problems be solved by such circuits? We will also present lower bounds which are known to hold only for uniform circuits. We will, for instance, show that certain functions cannot be computed by so-called uniform threshold circuits of small size, but it is still open whether small non-uniform threshold circuits exist for these problems.

4 Introduction