Bibliography

[Adl78] L. Adleman. Two theorems on random polynomial time. In Proceedings 19th Symposium on Foundations of Computer Science, p. 75–83. IEEE Computer Society Press, 1978.

[AAD97] M. Agrawal, E. Allender, and S. Datta. On TC^0, AC^0, and arithmetic circuits. In Proceedings 12th Computational Complexity, p. 134–148. IEEE Computer Society Press, 1997.

[AHU74] A. Aho, J. E. Hopcroft, and J. D. Ullman. The Design and Analysis of Computer Algorithms. Series in Computer Science and Information Processing. Addison-Wesley, Reading, MA, 1974.

[Ajt83] M. Ajtai. Σ^1 formulae on finite structures. Annals of Pure and Applied Logic, 24:1–48, 1983.

[All89] E. Allender. P-uniform circuit complexity. Journal of the ACM, 36:912–928, 1989.

[All95] E. Allender. Combinatorial methods in complexity theory. Lecture Notes, Rutgers University, New Brunswick, 1995.

[All96] E. Allender. Circuit complexity before the dawn of the new millennium. In Proceedings 16th Foundations of Software Technology and Theoretical Computer Science, Lecture Notes in Computer Science 1180, p. 1–18, Springer-Verlag, Berlin, 1996.

[All98] E. Allender. Making computation count: arithmetic circuits in the nineties. SIGACT News, 28(4):2–15, 1998.

[All99] E. Allender. The permanent requires large uniform circuits. Chicago Journal of Theoretical Computer Science, 1999. To appear. A preliminary version appeared as: A note on uniform circuit lower bounds for the counting hierarchy, in Proceedings 2nd Computing and Combinatorics Conference, Lecture Notes in Computer Science 1090, p. 127–135, Springer-Verlag, Berlin, 1996.

[AG91] E. Allender and V. Gore. Rudimentary reductions revisited. Information Processing Letters, 40:89–95, 1991.

[AG94] E. Allender and V. Gore. A uniform circuit lower bound for the permanent. SIAM Journal on Computing, 23:1026–1049, 1994.

[AH94] E. Allender and U. Hertrampf. Depth reduction for circuits of unbounded fan-in. Information and Computation, 112:217–238, 1994.

[AJMV98] E. Allender, J. Jiao, M. Mahajan, and V. Vinay. Non-commuta-tive arithmetic circuits: depth reduction and size lower bounds. Theoretical Computer Science, 209:47–86, 1998.

[AO96] E. Allender and M. Ogihara. Relationships among PL, #L, and the determinant. RAIRO – Theoretical Informatics and Applications, 30:1–21, 1996.

[AR97] E. Allender and K. Reinhardt. Making nondeterminism unambiguous. In Proceedings 37th Symposium on Foundations of Computer Science, p. 244–253. IEEE Computer Society Press, 1997.

[AW90] E. Allender and K. W. Wagner. Counting hierarchies: polynomial time and constant depth circuits. Bulletin of the EATCS, 40:182– 194, 1990.

[AJ93] C. Àlvarez and B. Jenner. A very hard log space counting class. Theoretical Computer Science, 107:3–30, 1993.

[AML98] A. Ambainis, D. A. Mix Barrington, and H. LêThanh. On counting AC^0 circuits with negative constants. In Proceedings 23rd Mathematical Foundations of Computer Science, Lecture Notes in Computer Science 1450, p. 409–417, Springer-Verlag, Berlin, 1998.

[BBS86] J. L. Balcázar, R. V. Book, and U. Schöning. The polynomialtime hierarchy and sparse oracles. Journal of the ACM, 33:603– 617, 1986.

[BDG95] J. L. Balcázar, J. Díaz, and J. Gabarró. Structural Complexity I. Texts in Theoretical Computer Science – An EATCS series. Springer-Verlag, Berlin, 2nd edition, 1995.

[BDG90] J. L. Balcázar, J. Díaz, and J. Gabarró. Structural Complexity II. EATCS Monographs on Theoretical Computer Science. Springer-Verlag, Berlin, 1990.

[Bar86] D. A. Barrington. A note on a theorem of Razborov. Technical report, University of Massachusetts, 1986.

[Bar89] D. A. Mix Barrington. Bounded-width polynomial size branching programs recognize exactly those languages in NC^1. Journal of Computer and System Sciences, 38:150–164, 1989.

[BI94] D. A. Mix Barrington and N. Immerman. Time, hardware, and uniformity. In Proceedings 9th Structure in Complexity Theory, p. 176–185. IEEE Computer Society Press, 1994.

[BIS90] D. A. Mix Barrington, N. Immerman, and H. Straubing. On uniformity within NC^1. Journal of Computer and System Sciences, 41:274–306, 1990.

[BT88] D. A. Mix Barrington and D. Thérien. Finite monoids and the fine structure of NC^1. Journal of the ACM, 35:941–952, 1988.

[BCH86] P. W. Beame, S. A. Cook, and H. J. Hoover. Log depth circuits for division and related problems. SIAM Journal on Computing, 15:994–1003, 1986.

[BLM93] F. Bédard, F. Lemieux, and P. McKenzie. Extensions to Barrington’s M-program model. Theoretical Computer Science, 107:31– 61, 1993.

[Bei93] R. Beigel. The polynomial method in circuit complexity. In Proceedings 8th Structure in Complexity Theory, p. 82–95. IEEE Computer Society Press, 1993. Revised version, 1995.

[BGH90] R. Beigel, J. Gill, and U. Hertrampf. Counting classes: thresholds, parity, mods, and fewness. In Proceedings 7th Symposium on Theoretical Aspects of Computer Science, Lecture Notes in Computer Science 415, p. 49–57, Springer-Verlag, Berlin, 1990.

[BRS91] R. Beigel, N. Reingold, and D. Spielman. The perceptron strikes back. In Proceedings 6th Structure in Complexity Theory, p. 286– 291. IEEE Computer Society Press, 1991.

[BT94] R. Beigel and J. Tarui. On ACC. Computational Complexity, 4:350–366, 1994. Special issue on circuit complexity.

[BG81] C. Bennett and J. Gill. Relative to a random oracle P^A ≠ NP^A ≠ coNP^A with probability 1. SIAM Journal on Computing, 10:96– 113, 1981.

[BOC92] M. Ben-Or and R. Cleve. Computing algebraic formulas using a constant number of registers. SIAM Journal on Computing, 21:54–58, 1992.

[Ber84] S. J. Berkowitz. On computing the determinant in small parallel time using a small number of processors. Information Processing Letters, 18:147–150, 1984.

[BH77] L. Berman and J. Hartmanis. On isomorphism and density of NP and other complete sets. SIAM Journal on Computing, 6:305– 322, 1977.

[Blu84] N. Blum. A Boolean function requiring 3n network size. Theoretical Computer Science, 36:59–70, 1984.

[BS90] R. B. Boppana and M. Sipser. The complexity of finite functions. In J. van Leeuwen (ed.), Handbook of Theoretical Computer Science, vol. A, p. 757–804. Elsevier, Amsterdam, 1990.

[Bor77] A. B. Borodin. On relating time and space to size and depth. SIAM Journal on Computing, 6:733–744, 1977.

[Bor82] A. B. Borodin. Structured versus general models in computational complexity. L’Enseignement Mathématique, 30:47–65, 1982. Special Issue Logic and Algorithms, Symposium in honour of Ernst Specker.

[BCD^+89] A. B. Borodin, S. A. Cook, P. W. Dymond, W. L. Ruzzo, and M. Tompa. Two applications of inductive counting for complementation problems. SIAM Journal on Computing, 18:559–578, 1989. See Erratum in SIAM Journal on Computing 18:1283.

[BC94] D. P. Bovet and P. Crescenzi. Introduction to the Theory of Complexity. International Series in Computer Science. Prentice Hall, London, 1994.

[BCS92] D. P. Bovet, P. Crescenzi, and R. Silvestri. A uniform approach to define complexity classes. Theoretical Computer Science, 104:263–283, 1992.

[Büc62] J. R. Büchi. On a decision method in restricted second-order arithmetic. In Proceedings Logic, Methodology and Philosophy of Sciences 1960, Stanford University Press, Stanford, CA, 1962.

[Bus87] S. R. Buss. The Boolean formula value problem is in ALOG- TIME. In Proceedings 19th Symposium on Theory of Computing, p. 123–131. ACM Press, 1987.

[Cai89] J.-Y. Cai. With probability one, a random oracle separates PSPACE from the polynomial-time hierarchy. Journal of Computer and System Sciences, 38:68–85, 1989.

[CH89] J.-Y. Cai and L. Hemachandra. On the power of parity polynomial time. In Proceedings 6th Symposium on Theoretical Aspects of Computer Science, Lecture Notes in Computer Science 349, p. 229–239, Springer-Verlag, Berlin, 1989.

[CC95] L. Cai and J. Chen. On input read-modes of alternating Turing machines. Theoretical Computer Science, 148:33–55, 1995.

[CCH97] L. Cai, J. Chen, and J. Håstad. Circuit bottom fan-in and computational power. In Proceedings 12th Computational Complexity, p. 158–164. IEEE Computer Society Press, 1997.

[Cau96] H. Caussinus. Contributions à l’étude du non-déterminisme restreint. PhD thesis, Dép. d’informatique et recherche opérationnelle, Université de Montréal, 1996.

[CMTV98] H. Caussinus, P. McKenzie, D. Thérien, and H. Vollmer. Nondeterministic NC^1 computation. Journal of Computer and System Sciences, 57:200–212, 1998.

[CKS81] A. K. Chandra, D. Kozen, and L. J. Stockmeyer. Alternation. Journal of the ACM, 28:114–133, 1981.

[CSV84] A. K. Chandra, L. Stockmeyer, and U. Vishkin. Constant depth reducibility. SIAM Journal on Computing, 13:423–439, 1984.

[CK99] P. Clote and E. Kranakis. Boolean Functions and Computation Models. Springer-Verlag, Berlin, 1999. To appear.

[Col88] R. Cole. Parallel merge sort. SIAM Journal on Computing, 17:770–785, 1988.

[Coo71] S. A. Cook. The complexity of theorem proving procedures. In Proceedings 3rd Symposium on Theory of Computing, p. 151–158. ACM Press, 1971.

[Coo79] S. A. Cook. Deterministic CFL’s are accepted simultaneously in polynomial time and log squared space. In Proceedings 11th Symposium on Theory of Computing, p. 338–345. ACM Press, 1979.

[Coo85] S. A. Cook. A taxonomy of problems with fast parallel algorithms. Information and Control, 64:2–22, 1985.

[Dev93] K. Devlin. The Joy of Sets, Fundamentals of Contemporary Set Theory. Undergraduate Texts in Mathematics. Springer-Verlag, New York, 2nd edition, 1993.

[DLR79] D. P. Dobkin, R. J. Lipton, and S. P. Reiss. Linear programming is log-space hard for P. Information Processing Letters, 8:96–97, 1979.

[Dun88] P. E. Dunne. The Complexity of Boolean Networks, vol. 29 of A. P. I. C. Studies in Data Processing. Academic Press, London, 1988.

[EF95] H.-D. Ebbinghaus and J. Flum. Finite Model Theory. Perspectives in Mathematical Logic. Springer-Verlag, Berlin, 1995.

[EFT94] H.-D. Ebbinghaus, J. Flum, and W. Thomas. Mathematical Logic. Springer-Verlag, Berlin, 2nd edition, 1994.

[Eil76] S. Eilenberg. Automata, Languages, and Machines, vol. B. Academic Press, New York, 1976.

[Eve79] S. Even. Graph Algorithms. Computer Science Press, Rockville, MD, 1979.

[Fag74] R. Fagin. Generalized first-order spectra and polynomial time recognizable sets. In R. Karp (ed.), Complexity of Computations, vol. 7 of SIAM–AMS Proceedings, p. 43–73. American Mathematical Society, Providence, RI, 1974.

[FFK94] S. Fenner, L. Fortnow, and S. Kurtz. Gap-definable counting classes. Journal of Computer and System Sciences, 48:116–148, 1994.

[Fic93] F. Fich. The complexity of computation on the parallel random access machine. In J. H. Reif (ed.), Synthesis of Parallel Algorithms, p. 843–899. Morgan Kaufmann, San Mateo, CA, 1993.

[FRW88] F. Fich, R. Ragde, and A. Wigderson. Relations between concurrent-write models of parallel computation. SIAM Journal on Computing, 17:606–627, 1988.

[Fis74] M. J. Fischer. Lectures on network complexity. Universität Frankfurt/Main, 1974.

[FW78] S. Fortune and J. Wyllie. Parallelism in random access machines. In Proceedings 10th Symposium on Theory of Computing, p. 114– 118. ACM Press, 1978.

[FSS84] M. Furst, J. B. Saxe, and M. Sipser. Parity, circuits, and the polynomial-time hierarchy. Mathematical Systems Theory, 17:13–27, 1984.

[GJ79] M. R. Garey and D. S. Johnson. Computers and Intractability, A Guide to the Theory of NP-Completeness. Freeman, New York, 1979.

[Gil77] J. Gill. Computational complexity of probabilistic Turing machines. SIAM Journal on Computing, 6:675–695, 1977.

[Gol82] L. M. Goldschlager. A universal interconnection pattern for parallel computers. Journal of the ACM, 29:1073–1086, 1982.

[Got97] G. Gottlob. Relativized logspace and generalized quantifiers over ordered finite structures. Journal of Symbolic Logic, 62:545–574, 1997.

[GHR95] R. Greenlaw, H. J. Hoover, and W. L. Ruzzo. Limits to Parallel Computation: P-Completeness Theory. Oxford University Press, New York, 1995.

[GL84] Y. Gurevich and H. Lewis. A logic for constant-depth circuits. Information and Control, 61:65–74, 1984.

[HP93] P. Hájek and P. Pudlák. Metamathematics of First-Order Arithmetic. Perspectives in Mathematical Logic. Springer-Verlag, Berlin, 1993.

[HMP^+87] A. Hajnal, W. Maass, P. Pudlák, M. Szegedy, and G. Turán. Threshold circuits of bounded depth. In Proceedings 18th Symposium on Foundations of Computer Science, p. 99–110. IEEE Computer Society Press, 1987.

[HW54] G. H. Hardy and E. M. Wright. An Introduction to the Theory of Numbers. Oxford University Press, Oxford, 3rd edition, 1954.

[HLS65] J. Hartmanis, P. M. Lewis II, and R. E. Stearns. Hierarchies of memory limited computations. In Proceedings 6th Symposium on Switching Circuit Theory and Logical Design, p. 179–190. IEEE Computer Society Press, 1965.

[HS65] J. Hartmanis and R. E. Stearns. On the computational complexity of algorithms. Transactions of the American Mathematical Society, 117:285–306, 1965.

[Hås86] J. Håstad. Almost optimal lower bounds for small depth circuits. In Procedings 18th Symposium on Theory of Computing, p. 6–20. IEEE Computer Society Press, 1986.

[Hås88] J. Håstad. Computational Limitations of Small Depth Circuits. MIT Press, Cambridge, MA, 1988.

[HS66] F. C. Hennie and R. E. Stearns. Two-tape simulation of multitape Turing machines. Journal of the ACM, 13:533–546, 1966.

[HLS^+93] U. Hertrampf, C. Lautemann, T. Schwentick, H. Vollmer, and K. W. Wagner. On the power of polynomial time bit-reductions.

In Proceedings 8th Structure in Complexity Theory, p. 200–207. IEEE Computer Society Press, 1993.

[HU79] J. E. Hopcroft and J. D. Ullman. Introduction to Automata Theory, Languages, and Computation. Series in Computer Science. Addison-Wesley, Reading, MA, 1979.

[Hro97] J. Hromkovič. Communication Complexity and Parallel Computing. Texts in Theoretical Computer Science – An EATCS Series. Springer-Verlag, Berlin, 1997.

[Imm87] N. Immerman. Languages that capture complexity classes. SIAM Journal on Computing, 16:760–778, 1987.

[Imm88] N. Immerman. Nondeterministic space is closed under complementation. SIAM Journal on Computing, 17:935–938, 1988.

[Imm89a] N. Immerman. Descriptive and computational complexity. In J. Hartmanis (ed.), Computational Complexity Theory, vol. 38 of Proceedings of Symposia in Applied Mathematics, p. 75–91. American Mathematical Society, Providence, RI, 1989.

[Imm89b] N. Immerman. Expressibility and parallel complexity. SIAM Journal on Computing, 18:625–638, 1989.

[Imm99] N. Immerman. Descriptive Complexity. Graduate Texts in Computer Science. Springer-Verlag, New York, 1999.

[Jac85] N. Jacobson. Basic Algebra, vol. I. Freeman & Co., New York, 1985.

[JMT96] B. Jenner, P. McKenzie, and D. Thérien. Logspace and logtime leaf languages. Information and Computation, 129:21–33, 1996.

[Jia92] J. Jiao. Some questions concerning circuit counting classes and other low-level complexity classes. Master’s essay, Department of Computer Science, Rutgers University, New Brunswick, 1992.

[Joh90] D. S. Johnson. A catalog of complexity classes. In J. van Leeuwen (ed.), Handbook of Theoretical Computer Science, vol. A, p. 67– 161. Elsevier, Amsterdam, 1990.

[Jon75] N. D. Jones. Space-bounded reducibility among combinatorial problems. Journal of Computer and System Sciences, 15:68–85, 1975.

[JL76] N. D. Jones and W. T. Laaser. Complete problems for deterministic polynomial time. Theoretical Computer Science, 3:105–117, 1976.

[Jun85] H. Jung. Depth efficient transformations of arithmetic circuits into Boolean circuits. In Proceedings Fundamentals of Computation Theory, Lecture Notes in Computer Science 199, p. 167–173, Springer-Verlag, Berlin, 1985.

[Kan82] R. Kannan. Circuit-size lower bounds and non-reducibility to sparse sets. Information and Control, 55:40–56, 1982.

[KL82] R. Karp and R. J. Lipton. Turing machines that take advice. L’enseignement mathématique, 28:191–209, 1982.

[KR90] R. Karp and V. Ramachandran. Parallel algorithms for sharedmemory machines. In J. van Leeuwen (ed.), Handbook of Theoretical Computer Science, vol. A, p. 869–941. Elsevier, Amsterdam, 1990.

[KW85] R. Karp and A. Wigderson. A fast parallel algorithm for the maximal independent set problem. Journal of the ACM, 32:762– 773, 1985.

[Kha79] L. G. Khachian. A polynomial time algorithm for linear programming. Doklady Akademii Nauk SSSR, 244:1093–1096, 1979. In Russian.

[Knu97] D. E. Knuth. The Art of Computer Programming Vol. I: Fundamental Algorithms. Addison-Wesley, Reading, MA, 3rd edition, 1997.

[Kuč82] L. Kučera. Parallel computation and conflicts in memory access. Information Processing Letters, 14:93–96, 1982.

[Lad75] R. E. Ladner. The circuit value problem is log space complete for P. SIGACT News, 7(1):12–20, 1975.

[LF80] R. E. Ladner and M. J. Fischer. Parallel prefix computation. Journal of the ACM, 27:831–838, 1980.

[Lan93] S. Lang. Algebra. Addison-Wesley, Reading, MA, 3rd edition, 1993.

[LMSV99] C. Lautemann, P. McKenzie, T. Schwentick, and H. Vollmer. The descriptive complexity approach to LOGCFL. In Proceedings 16th Symposium on Theoretical Aspects of Computer Science, Lecture Notes in Computer Science 1563, p. 444–454, Springer- Verlag, Berlin, 1999.

[Lee59] C. Y. Lee. Representation of switching functions by binary decision programs. Bell Systems Technical Journal, 38:985–999, 1959.

[LW90] T. Lengauer and K. W. Wagner. The binary network flow problem is logspace complete for P. Theoretical Computer Science, 75:357–363, 1990.

[Lev80] G. Lev. Size Bounds and Parallel Algorithms for Networks. PhD thesis, Department of Computer Science, University of Edinburgh, 1980.

[Lin92] S. Lindell. A purely logical characterization of circuit uniformity. In Proceedings 7th Structure in Complexity Theory, p. 185–192. IEEE Computer Society Press, 1992.

[Lin66] P. Lindström. First order predicate logic with generalized quantifiers. Theoria, 32:186–195, 1966.

[LZ77] R. J. Lipton and Y. Zalcstein. Word problems solvable in logspace. Journal of the ACM, 24:522–526, 1977.

[Lup58] O. B. Lupanov. A method of circuit synthesis. Izvestia VUZ Radiofizika, 1:120–140, 1958.

[Mac98] I. Macarie. Space-efficient deterministic simulation of probabilistic automata. SIAM Journal on Computing, 27:448–465, 1998.

[May90] E. W. Mayr. Basic parallel graph algorithms. Computing Supplementum, 7:69–91, 1990.

[MS92] E. W. Mayr and A. Subramanian. The complexity of circuit value and network stability. Journal of Computer and System Sciences, 44:302–323, 1992.

[MT94] P. McKenzie and D. Thérien (eds.). Special Issue on Circuit Complexity, vol. 4(4) of Computational Complexity. Birkhäuser, Basel, 1994.

[MVW99] P. McKenzie, H. Vollmer, and K. W. Wagner. Arithmetic circuits and polynomial replacement systems. Technical report, Fachbereich Mathematik und Informatik, Universität Würzburg, 1999.

[MP71] R. McNaughton and S. A. Papert. Counter-Free Automata. MIT Press, Cambridge, MA, 1971.

[MC81] C. Mead and L. Conway. Introduction to VLSI Systems. Addison-Wesley, Reading, MA, 1981.

[Mei86] C. Meinel. Modified Branching Programs and Their Computational Power. Lecture Notes in Computer Science 370, Springer- Verlag, Berlin, 1986.

[MS72] A. R. Meyer and L. J. Stockmeyer. The equivalence problem for regular expressions with squaring requires exponential time. In Proceedings 13th Symposium on Switching and Automata Theory, p. 125–129. IEEE Computer Society Press, 1972.

[MP88] M. L. Minsky and S. A. Papert. Perceptrons. MIT Press, Cambridge, MA, 1988. Expanded edition. Originally published in 1969.

[Pap94] C. H. Papadimitriou. Computational Complexity. Addison- Wesley, Reading, MA, 1994.

[Par94] I. Parberry. Circuit Complexity and Neural Networks. Foundations of Computing. MIT Press, Cambridge, MA, 1994.

[PS88] I. Parberry and G. Schnitger. Parallel computation with threshold functions. Journal of Computer and System Sciences, 36:287– 302, 1988.

[Pin86] J. E. Pin. Varieties of Formal Languages. Plenum Press, New York, 1986.

[Pip79] N. J. Pippenger. On simultaneous resource bounds. In Proceedings 20th Symposium on Foundations of Computer Science, p. 307–311. IEEE Computer Society Press, 1979.

[PF79] N. J. Pippenger and M. J. Fischer. Relations among complexity measures. Journal of the ACM, 26:361–381, 1979.

[Rab76] M. O. Rabin. Probabilistic algorithms. In J. Traub (ed.), Algorithms and Complexity: New Directions and Results, p. 21–39. Academic Press, London, 1976.

[Raz85] A. A. Razborov. Lower bounds on the monotone complexity of some boolean functions. Doklady Akademii Nauk SSSR, 281:798– 801, 1985. In Russian. English translation in Soviet Mathematics Doklady, 31:354–357, 1985.

[Raz87] A. A. Razborov. Lower bounds on the size of bounded depth networks over a complete basis with logical addition. Matematicheskie Zametki, 41:598–607, 1987. In Russian. English translation in Mathematical Notes of the Academy of Sciences of the USSR 41:333–338, 1987.

[Reg93] K. Regan. Log-time ATMs and first-order logic. Unpublished manuscript, 1993.

[Reg97] K. Regan. Polynomials and combinatorial definitions of languages. In L. A. Hemaspaandra and A. L. Selman (eds.), Complexity Theory Retrospective II, p. 261–293. Springer-Verlag, New York, 1997.

[RV97] K. Regan and H. Vollmer. Gap-languages and log-time complexity classes. Theoretical Computer Science, 188:101–116, 1997.

[RS42] J. Riordan and C. Shannon. The number of two-terminal seriesparallel networks. Journal of Mathematics and Physics, 21:83– 93, 1942.

[Ruz80] W. L. Ruzzo. Tree-size bounded alternation. Journal of Computer and System Sciences, 21:218–235, 1980.

[Ruz81] W. L. Ruzzo. On uniform circuit complexity. Journal of Computer and System Sciences, 21:365–383, 1981.

[Sav76] J. E. Savage. The Complexity of Computing. John Wiley & Sons, New York, 1976.

[Sav98] J. E. Savage. Models of Computation – Exploring the Power of Computing. Addison-Wesley, Reading, MA, 1998.

[Sav70] W. J. Savitch. Relationships between nondeterministic and deterministic tape complexities. Journal of Computer and Systems Sciences, 4:177–192, 1970.

[Sch74] C. P. Schnorr. Zwei lineare untere Schranken für die Komplexität Boolescher Funktionen. Computing, 13:155–171, 1974.

[Sch76] C. P. Schnorr. The network complexity and the Turing machine complexity of finite functions. Acta Informatica, 7:95–107, 1976.

[Sch86] U. Schöning. Complexity and Structure. Lecture Notes in Computer Science 211, Springer-Verlag, Berlin, 1986.

[Sch89] U. Schöning. Logic for Computer Scientists, vol. 8 of Progress in Computer Science and Applied Logic. Birkhäuser, Boston, MA, 1989.

[SP98] U. Schöning and R. Pruim. Gems of Theoretical Computer Science. Springer-Verlag, Berlin, 1998.

[Ser90] M. J. Serna. The parallel approximability of P-complete problems. PhD thesis, Universitat Politècnica de Catalunya, 1990.

[Sha38] C. Shannon. A symbolic analysis of relay and switching circuits. Transactions AIEE, 57:59–98, 1938.

[Sha49] C. Shannon. The synthesis of two-terminal switching circuits. Bell Systems Technical Journal, 28:59–98, 1949.

[SV81] Y. Shiloach and U. Vishkin. Finding the maximum, merging and sorting in a parallel computation model. Journal of Algorithms, 2:88–102, 1981.

[Sho67] J. R. Shoenfield. Mathematical Logic. Series in Logic. Addison- Wesley, Reading, MA, 1967.

[Sim75] J. Simon. On Some Central Problems in Computational Complexity. PhD thesis, Cornell University, 1975.

[Smo87] R. Smolensky. Algebraic methods in the theory of lower bounds for Boolean circuit complexity. In Proceedings 19th Symposium on Theory of Computing, p. 77–82. ACM Press, 1987.

[Smo91] C. Smoryński. Logical Number Theory I. Springer-Verlag, Berlin, 1991.

[Ste92] I. A. Stewart. Using the Hamilton path operator to capture NP. Journal of Computer and System Sciences, 45:127–151, 1992.

[Sto77] L. J. Stockmeyer. The polynomial-time hierarchy. Theoretical Computer Science, 3:1–22, 1977.

[SV84] L. J. Stockmeyer and U. Vishkin. Simulation of parallel random access machines by circuits. SIAM Journal on Computing, 13:409–422, 1984.

[Str94] H. Straubing. Finite Automata, Formal Logic, and Circuit Complexity. Birkhäuser, Boston, MA, 1994.

[Sud78] I. H. Sudborough. On the tape complexity of deterministic context-free languages. Journal of the ACM, 25:405–414, 1978.

[Sze87] R. Szelepcsényi. The method of forcing for nondeterministic automata. Bulletin of the EATCS, 33:96–100, 1987.

[Tan94] S. Tan. Calcul et vérification parallèles des problèmes d’algèbre linéaire. PhD thesis, Université de Paris-Sud, U.F.R. Scientifique d’Orsay, 1994.

[Tar83] R. E. Tarjan. Data Structures and Network Algorithms, vol. 44 of CBMS-NSF Regional Conference Series in Applied Mathematics. Society for Industrial and Applied Mathematics, 1983.

[Tar93] J. Tarui. Probabilistic polynomials, AC^0 functions, and the polynomial hierarchy. Theoretical Computer Science, 113:167–183, 1993.

[Tod91] S. Toda. PP is as hard as the polynomial-time hierarchy. SIAM Journal on Computing, 20:865–877, 1991.

[Tod92] S. Toda. Classes of arithmetic circuits capturing the complexity of computing the determinant. IEICE Transactions on Communications/Electronics/Information and Systems, E75-D:116–124, 1992.

[Tor93] J. Torán. P-completeness. In A. Gibbons and P. Spirakis (eds.), Lectures on Parallel Computation, vol. 4 of Cambridge International Series on Parallel Computation, p. 177–196. Cambridge University Press, Cambridge, 1993.

[Tra61] B. A. Trakhtenbrot. Finite automata and logic of monadic predicates. Doklady Akademii Nauk SSSR, 140:326–329, 1961. In Russian.

[Val79] L. G. Valiant. The complexity of computing the permanent. Theoretical Computer Science, 8:189–201, 1979.

[VSBR83] L. Valiant, S. Skyum, S. Berkowitz, and C. Rackoff. Fast parallel computation of polynomials using few processors. SIAM Journal on Computing, 12:641–644, 1983.

[VV86] L. G. Valiant and V. V. Vazirani. NP is as easy as detecting unique solutions. Theoretical Computer Science, 47:85–93, 1986.

[Ven86] H. Venkateswaran. Characterizations of Parallel Complexity Classes. PhD thesis, Department of Computer Science, University of Washington, 1986.

[Ven91] H. Venkateswaran. Properties that characterize LOGCFL. Journal of Computer and System Sciences, 43:380–404, 1991.

[Ven92] H. Venkateswaran. Circuit definitions of non-deterministic complexity classes. SIAM Journal on Computing, 21:655–670, 1992.

[Ver93] N. K. Vereshchagin. Relativizable and non-relativizable theorems in the polynomial theory of algorithms. Izvestija Rossijskoj Akademii Nauk, 57:51–90, 1993. In Russian.

[Vin91] V. Vinay. Semi-Unboundedness and Complexity Classes. PhD thesis, Department of Computer Science and Automation, Indian Institute of Science, Bangalore, 1991.

[Vis83a] U. Vishkin. Implementation of simultaneous memory access in models that forbid it. Journal of Algorithms, 4:45–50, 1983.

[Vis83b] U. Vishkin. Synchronous parallel computation – a survey. Technical report, Courant Institute, New York University, 1983.

[Vol91] H. Vollmer. The gap-language technique revisited. In 4th Computer Science Logic, Selected Papers, Lecture Notes in Computer Science 533, p. 389–399, Springer-Verlag, Berlin, 1991.

[Vol98a] H. Vollmer. A generalized quantifier concept in computational complexity theory. Technical report, Institut für Informatik, Universität Würzburg, 1998.

[Vol98b] H. Vollmer. Relating polynomial time to constant depth. Theoretical Computer Science, 207:159–170, 1998.

[Vol99] H. Vollmer. Uniform characterizations of complexity classes. SIGACT News, 30(1):17–27, 1999.

[vzG93] J. von zur Gathen. Parallel linear algebra. In J. H. Reif (ed.), Synthesis of Parallel Algorithms, p. 573–617. Morgan Kaufmann, San Mateo, CA, 1993.

[Wag86] K. W. Wagner. The complexity of combinatorial problems with succinct input representation. Acta Informatica, 23:325–356, 1986.

[WW86] K. W. Wagner and G. Wechsung. Computational Complexity. VEB Verlag der Wissenschaften, Berlin, 1986.

[Weg87] I. Wegener. The Complexity of Boolean Functions. Wiley- Teubner series in computer science. B. G. Teubner & John Wiley, Stuttgart, 1987.

[Weg89] I. Wegener. Effiziente Algorithmen für grundlegende Funktionen. Leitfäden und Monographien der Informatik. B. G. Teubner, Stuttgart, 1989.

[Wil87] C. Wilson. Relativized NC. Mathematical Systems Theory, 20:13–29, 1987.

[Wil90] C. Wilson. On the decomposability of NC and AC. SIAM Journal on Computing, 19:384–396, 1990.

[Wra77] C. Wrathall. Complete sets and the polynomial-time hierarchy. Theoretical Computer Science, 3:23–33, 1977.

[Yao85] A. C. Yao. Separating the polynomial-time hierarchy by oracles. In Proceedings 26th Foundations of Computer Science, p. 1–10. IEEE Computer Society Press, 1985.

[Yao90] A. C. Yao. On ACC and threshold circuits. In Proceedings 31st Foundations of Computer Science, p. 619–627. IEEE Computer Society Press, 1990.

[Zan91] V. Zankó. #P-completeness via many-one reductions. International Journal of Foundations of Computer Science, 2:77–82, 1991.

254 Bibliography

Author Index

Adleman, L. 103 Agrawal, M. 209, 210, 213, 214 Aho, A. 208 Ajtai, M. 102 Allender, E. 90, 103, 171, 207–210, 213, 214, 228, 229, 231 Àlvarez, C. 207 Ambainis, A. 209

Balcázar, J. L. 56, 74, 78, 215, 228, 231, 235 Mix Barrington, D. A. 102, 131, 133, 162, 163, 170, 178, 209 Beame, P. W. 34 Bédard, F. 161, 163 Beigel, R. 103, 106, 231 Ben-Or, M. 208, 213 Bennett, C. H. 228 Berkowitz, S. J. 170, 208 Berman, L. 228 Blum, N. 83 Book, R. V. 228, 231 Boppana, R. B. 103 Borodin, A. B. 74, 160, 208 Bovet, D. P. 215, 229 Büchi, J. R. 163 Buss, S. R. 78, 161, 170

Cai, J.-Y. 103, 231 Cai, L. 88 Caussinus, H. 208, 213, 214, 228, 229, 231 Chandra, A. K. 31, 74, 78, 228 Chen, J. 88, 162 Cleve, R. 208, 213 Clote, P. 102, 103 Cobham, A. 162 Cole, R. 78 Conway, L. 84 Cook, S. A. 34, 74, 160–162, 164, 170, 237

Crescenzi, P. 215, 229

Datta, S. 209, 210, 213, 214 Devlin, K. 55 Díaz, J. 56, 74, 78, 215, 228, 235 Dobkin, D. P. 161 Dowd, M. 78 Dunne, P. E. 102, 103 Dymond, P. W. 160

Ebbinghaus, H.-D. 136, 163, 171, 237 Eilenberg, S. 130 Even, S. 237

Fagin, R. 163 Fenner, S. 207, 209, 238 Fermat, P. 92, 93, 238 Fich, F. 74, 75, 78 Fischer, M. J. 31, 74 Flum, J. 136, 163, 171, 237 Fortnow, L. 207, 209, 238 Fortune, S. 74, 78 Furst, M. 102, 229

Gabarró, J. 56, 74, 78, 215, 228, 235 Galois, E. 239 Garey, M. J. 164 Gill, J. 103, 228, 229, 231 Goldschlager, L. M. 74 Gore, V. 171, 228, 229 Gottlob, G. 163 Greenlaw, R. 75, 78, 149, 160, 164 Gurevich, Y. 163

Hájek, P. 163 Hajnal, A. 162 Hardy, G. H. 238 Hartmanis, J. 228, 235 Håstad, J. 88, 102, 229 Hemachandra, L. 231 Hennie, F. C. 74

Hertrampf, U. 90, 103, 229, 231 Hoover, H. J. 34, 75, 78, 149, 160, 164 Hopcroft, J. E. 35, 159, 208, 223, 234–236 Hromkovič, J. 103

Immerman, N. 102, 136, 162–164, 170, 229 Jacobson, N. 98, 239 Jenner, B. 207, 229 Jiao, J. 208, 213 Johnson, D. S. 164, 215 Jones, N. D. 163, 164, 171 Jung, H. 209

Kannan, R. 228, 231 Karp, R. 74, 75, 78, 161, 228 Khachian, L. G. 161 Knuth, D. E. 234, 238 Kozen, D. 74, 78, 228 Kranakis, E. 102, 103 Kučera, L. 78 Kurtz, S. 207, 209, 238

Laaser, W. T. 164, 171 Ladner, R. E. 74, 164 Lang, S. 240 Lautemann, C. 163, 229, 231 Lee, C. Y. 162 Lemieux, F. 161, 163 Lengauer, T. 161 LêThanh, H. 209 Lev, G. 161 Lewis II, P. M. 235 Lewis, H. 163 Lindell, S. 163, 164 Lindström, P. 163 Lipton, R. J. 74, 161, 214, 228 Lupanov, O. B. 1, 31

Maass, W. 162 Macarie, I. 214 Mahajan, M. 208, 213 Mayr, E. W. 74, 164 McKenzie, P. 103, 161, 163, 208, 213, 214, 228, 229, 231 McNaughton, R. 171 Mead, C. 84 Meinel, C. 162 Meyer, A. R. 228 Minsky, M. L. 84, 88, 103, 106

Ogihara, M. 207

Papadimitriou, C. H. 157, 215, 228, 229 Papert, S. A. 84, 88, 103, 106, 171 Parberry, I. 103, 213 Pin, J. E. 130 Pippenger, N. J. 74, 107, 160, 162 Pruim, R. 102, 103 Pudlák, P. 162, 163

Rabin, M. O. 228 Rackoff, C. 208 Ragde, P. 78 Ramachandran, V. 74, 75, 78 Razborov, A. A. 102, 103 Regan, K. 78, 103, 164, 171, 235 Reingold, N. 106 Reinhardt, K. 213 Reiss, S. P. 161 Riordan, J. 1 Ruzzo, W. L. 74, 75, 78, 149, 160, 164, 170, 208

Savage, J. E. 1, 31, 74, 208 Savitch, W. J. 52, 161 Saxe, J. B. 102, 229 Schnitger, G. 213 Schnorr, C. P. 74, 102, 106 Schöning, U. 31, 102, 103, 136, 228, 231 Schwentick, T. 163, 229, 231 Serna, M. J. 164 Shannon, C. 1, 31 Shiloach, Y. 74, 78 Shoenfield, J. R. 136, 237 Silvestri, R. 229 Simon, J. 229, 231 Sipser, M. 102, 103, 229 Skyum, S. 208 Smolensky, R. 96, 101, 102, 224 Smoryński, C. 163 Spielman, D. 106 Stearns, R. E. 74, 235 Stewart, I. A. 163 Stockmeyer, L. J. 31, 74, 78, 228 Straubing, H. 31, 103, 162, 163, 170, 171 Subramanian, A. 164 Sudborough, I. H. 170 Szegedy, M. 162 Szelepcsényi, R. 162

Tan, S. 208 Tarjan, R. E. 237 Tarski, A. 55

Tarui, J. 103, 106 Thérien, D. 103, 162, 208, 213, 214, 228, 229, 231 Thomas, W. 136, 237 Toda, S. 102, 208 Tompa, M. 160 Torán, J. 164 Trakhtenbrot, B. A. 163 Turán, G. 162

Ullman, J. D. 35, 159, 208, 223, 234–236

Valiant, L. G. 105, 207, 208, 229 Vandermonde, A. T. 240 Vazirani, V. V. 105 Venkateswaran, H. 160, 162, 170, 208 Vereshchagin, N. J. 229 Vinay, V. 160, 208, 213 Vishkin, U. 31, 74, 78

Vollmer, H. 163, 164, 208, 213, 214, 228, 229, 231 von zur Gathen, J. 208, 213

Wagner, K. W. 161, 208, 209, 215, 229, 231 Wechsung, G. 215 Wegener, I. 31, 34, 74, 102, 103, 106, 162 Wigderson, A. 78, 161 Wilson, C. 162 Wrathall, C. 228 Wright, E. M. 238 Wyllie, J. 74, 78

Yao, A. C. C. 102, 103, 229

Žak, S. 162 Zalcstein, Y. 214 Zankó, V. 229

260 Author Index

Subject Index

¬, ∧, ∨, ⊕, ≡ 7, 236 ⊎ 233 |=_I 138 ≤cd 18, 119, 149 ≤^{log}_m 150 ≤^{NC1}_m 150 ≤^{NC1}_T 150, 166 ≤proj 133 ≤^p_T 216 ≤^{(R,B)} cd 175 ≤^{(R,B)} log 175 |M| 233 |w| 233 (A^n)_{n∈}N 10 (an)_{n∈}N 237 (cAn )_{n∈}N 10 (Cn)_{n∈}N 10 (f^n)_{n∈}N 7 [A]≡_{cd} 33 [[·]] 236 ⟨·, ·⟩ 233 ⟨· · ·⟩ 233 Cn 44 Pn 128 x 237 #AC^0 181, 199 #BWBP 191 #cC(x) 183 #C(x) 182 #L 207 #M 233 #NC^1 181, 190 #P 102, 207 #SAC^1 181, 184, 189 ϵ 233 Θ 234 Π^{exp}_k 222 Π^f_k 229

Π(n) 238 Π^p_k 218 Π^{p,(·)}_k 218 Σ^{exp}_k 222 Σ^f_k 229 Σ^p_k 218 Σ^{p,(·)}_k 218 Σ-program 132 Ω 234 ω 234

0 166 1 166

A^∗ 17 AALT-SPACE 56 AC 108 AC^0 126, 140, 145 – reduction 119 – uniformity 110, 123, 124, 126, 162 AC^0(A) 126 AC^0[p] 126, 147 ACC^0 230 accepting path 191 accepting subcircuit 183 accepting subtree – of a circuit 117 – of a computation tree 55 ACC^i 126 AC^i 108 AC^i[m] 126 AC^i(K) 118 acyclic graph 237 ADD 5 addition 5, 161 – iterated 13 – of a small number of terms 14 admissible encoding scheme 43 – for branching programs 128 advice

– class 43 – function 43, 128 affine 82 AGAP 155 algebraic degree 184 almost all functions 34 alphabet 233 alternating graph 154 – accessibility problem 155 alternating Turing machine 53 – accepting computation subtree 55 – configuration 54 – in input normal form 58 – semi-unbounded 160, 164 – tree-size 111 alternation bound 56 aperiodic 163 approximation – by a circuit 93 – by polynomials 96 ARBITRARY PRAM 77 arithmetic basis 173 arithmetic circuit 173 – counting 181 – family 174 – – computed function 174 – size and depth 174 arithmetic formula 179 ASC 184 ASC^′ 211 ASPACE 56 AST 184 ASTD 210 asymptotic behavior of functions 234 ATIME 56 ATIME-ALT 56 ATIME-SPACE 56 auxiliary pushdown automaton 170, 208 ^B 26 ♭ 37, 53 B0 10 B1 10 B1(p) 89 balanced computation tree 225 Barrington’s Theorem 131, 230 – arithmetization 178 – uniform 133 basis 7 – arithmetic 173 – bounded fan-in 10 – standard bounded fan-in 10

– standard unbounded fan-in 10 – unbounded fan-in 10 BCOUNT 15 bin 234 binary alphabet 233 binary count 15 binary encoding 234 – of length k 234 binary value 233 bink 234 bit 142 bits 18 bitwise operation 68

B^n 26

Boolean circuit 8 Boolean connectives 236 Boolean function 7 Boolean semi-ring 239 bottom fan-in 88 bounded fan-in 10 – basis 10 – circuit 10 bounded-width – branching program 129 – circuit 166 BP 127, 128 BPM(N) 192 BPM(Z) 192 BPP 217 branching program 75, 127 – bounded width 129 – computed function 127 – family 127 – – computed function 127 – layered 129 – length 127 – level 129 – monoid 129 – nondeterministic 208 – size 127 – uniformity 129, 134 – width 129 Bs 110 BWBP 129

C 209 C= 209 C 10 cA 233 C=AC^0 204 CAC^0 204 carry 5 – generate 5

– look-ahead adder 6 – propagate 5 CFGMEM 159 c^{Fourier} 85 characteristic function 233 Chinese Remainder Theorem 238 C^iP 224 circuit – accepting subtree 117 – accepts a language 9 – arithmetic 173 – Boolean 8 – bounded fan-in 10 – bounded width 166 – computed function 8 – constant-depth 84 – counting 181 – depth 10 – deterministic 90, 93 – family 9 – – computed function 10 – – uniform 42, 46 – in input normal form 66 – layered 90 – level 90 – MODp-∧ 90 – probabilistic 89 – – MODp-∧ 90 – size 10 – unambiguous 212 – unbounded fan-in 10 – unwound into a tree 44 – width 166 circuit value problem 152, 161 – monotone 154 – NAND 154 – NOR 154 clause 236 – empty 157 – Horn 236 – unit 157 clique 103 closure 158 – under complementation 113 closure properties 213, 214 C=NC^1 213 CNC^1 213 coK 235 COMMON PRAM 77 communication complexity 103 commutator 239 – subgroup 239 COMPARISON 33 comparison of two numbers 32 complement 113 – contingent 115 completeness – for NC^1 132 – for P 151 computation tree 54 – accepting subtree 55 – balanced 225 – fragment 111 computer algebra 173 configuration 41, 54 – accepting 41 – initial 41, 54 – of a PRAM 71 – successor 54 congruence 238 – for polynomials 177 conjunctive normal form 236 coNL 235 coNP 235 constant-depth 84 – degrees 33, 166 – reduction 18, 119, 149 constructible – space 236 – time 236 context-free language 159–162, 165 contingent complement 115 count – binary 15 – unary 24 counting arithmetic circuit 181 counting polynomial-time hierarchy 224 counting quantifier 146 counting Turing machine 224 C=P 209 CP 224 CRCW-PRAM 69, 110 – ARBITRARY 77 – COMMON 77 – PRIORITY 77 CREW-PRAM 69, 74 c^{standard} 85 CVP 152 cycle 237

D 33 degenerated function 79 degree – algebraic 184 – constant-depth 33, 166

– of a polynomial 239 – of an arithmetic circuit 184 depth 10 – of a gate 114 – of a tree 237 DEPTH 10 depth reduction 89, 90, 95, 103 derived subgroup 239 descendant 54 DET 161, 166 determinant 161, 166 direct connection language 49 directed acyclic graph 237 directed graph 237 directed path 237 – length 237 directed tree 237 disjunctive normal form 236 distk(x, y) 139 DIVISION 34 division 161 DLOGTIME-uniform 167 d^{sign} 86 DSPACE 235 DTIME 235

edge 237 elimination method 80, 81, 102 empty clause 157 empty word 233 encoding scheme 43 – for branching programs 128 EREW-PRAM 69 error probability 89 ET^n_m 204, 212 exact threshold function 204, 212 explicit transformation 169 EXPSPACE 235 EXPTIME 235 extended connection language 60

family – of arithmetic circuits 174 – of Boolean functions 7 – of branching programs 127 – of circuits 9 – of functions over a semi-ring 173 fan-in 8 – bottom 88 – bounded 10 – semi-unbounded 110 – unbounded 10 fan-out 7, 8 fC 9, 174 fC 10 FDEPTH 10 FDSPACE 235 FDTIME 235 feasible highly parallel algorithm 215 feasible sequential algorithm 215 Fermat’s Theorem 238 F (f) 43 field 239 – Galois 239 finite automaton 191 finite function 9 finite model theory 102, 163 first(x) 139 first-order formula 136 – defined language 138 – semantics 138 Fixed Point Theorem 55 f^{(k)} 237 FL 236 f^n 7 f^n_i 18 FO[<] 142, 171 FO[<, bit] 142 FO[Arb] 139 FO[∃^{≡p}; <, bit] 149 FO[∃^{≡p}; Arb] 147 FO[MAJ; <, bit] 149 FO[MAJ; Arb] 147 FO[QG; <, bit] 149 FO[QG; Arb] 149 FO[Q; R] 147 FO[R] 138 formula – arithmetic 179 – atomic 136 – Boolean 167 – family 167 – first-order 136 – Horn 156, 236 – language 167 – propositional 7 – value problem 161 Fourier representation 85 FP 236 fP 127 fP 127, 132 fragment 111 – realizable 112 – size 112 free monoid 132 FSIZE 10

FSIZE-DEPTH 11 FUnbDEPTH 11 FUnbSIZE 11 FUnbSIZE-DEPTH 11 function – advice 43 – affine 82 – Boolean 7 – characteristic 233 – computed by a branching program 127 – computed by a circuit 8 – computed by a circuit family 10 – computed by a family of arithmetic circuits 174 – computed by a family of branching programs 127 – computed by a family of matrix programs 192 – computed by a family of M-programs 130 – computed by a matrix program 192 – computed by a Turing machine 235 – computed by an arithmetic circuit 174 – computed by an M-program 130 – degenerated 79 – iterated application 237 – length-respecting 11 – over a semi-ring 173 – polynomially length-bounded 12, 43 – symmetric 9

Galois field 239 Gap-AC^0 184 Gap-BWBP 191 Gap-L 207 Gap-NC^1 184 Gap-P 207, 209 Gap-SAC^1 184, 190 gate 8 – input 8 – output 8 – predecessor 8 – type 8 GEN 158 generability 158 generator 239 GF(p) 239 graph – accessibility 161 – acyclic 237 – alternating 154

– directed 237 – directed acyclic 237 – finite 237 – layered 192 – path 237 – root 237 – undirected 237 group – cyclic 239 – quantifier 147, 163 – solvable 131, 132, 135, 149, 239 – symmetric 239 Group-Invariance Theorem 106 groupoid 163 groupoidal quantifier 163

Horn – clause 236 – formula 156, 236 HORN-SAT 156, 161

in-degree 237 independent set 155 index tape 235 indirect addressing 68 inductive counting 114, 160 inessential variable 79 initial state 53 inner product 17 input 8, 173 – gate 8 – random 89 – regular 89 – tape 234 – wire 8 input normal form – for alternating Turing machines 58 – for Boolean circuits 66 instruction counter 71 INTDET 165 interpretation 137 inversion – matrix 210 – polynomial 177 ITADD 13 iterated addition 13, 161 – of a small number of terms 14 iterated application of a function 237 iterated matrix product 161, 176, 211 iterated multiplication 22, 161 – matrix 176 – of constant-size matrices 211 – polynomial 177

IT-k-MATPROD 211 ITMATPROD 161, 165, 176 ITMULT 22 ITPOLYPROD 177 K/F 42 L 235 ℓ 234 last(x) 139 layered branching program 129 layered circuit 90 layered graph 192 LDC(C) 49 leaf language 224 Leaf^P(B) 225 leafstring^M (x) 225 LEC(C) 60, 123 left shift 68 length – of a branching program 127 – of a structure 137 – of a word 233 length k binary representation 234 length-respecting 11 LEQ 32 level 90, 129 lexicographically first maximal independent set 155, 161 LG 132, 147 Lindström quantifier 163 linear bijection straight-line program 208 linear order 139 linear programming 161 literal 236 lM 54 LMFIS 155 log 237 logarithm 237 LOGCFL 160, 162, 163, 165, 170 LOGITADD 14 logspace reduction 150 logspace-uniformity 47 log^∗ 237 logtime-uniform 123 L(P, F ) 130 L(ϕ) 138 L/Poly 46, 75, 128, 133 LP(P) 133 L-uniform 47, 129 Lupanov’s Theorem 31

MAJ 16 maj^n 20 majority 16, 161 – quantifier 146 marked union 233 MATINV 210 MATPOW 165 MATPROD 175 matrix – inverse 161, 210 – product 17, 161, 175 – program 192 – Vandermonde 240 maximal independent set 155, 161 – lexicographically first 155 maximal matching 161 maximum flow 161 MCVP 154 MIMP 198 mod 238 model 138 ModkP 230 MODp 89 MODp-∧-circuit 90 – order 90 – probabilistic 90 MOD-PH 230 mod^n_p 89 MODr,i 99 mod^n_{r,i} 99 modular counting quantifier 146 modular polynomial-time hierarchy 230 monoid – aperiodic 163 – branching program 129 – free 132 – solvable 163 – word problem 132 monoidal quantifier 163 monomial 239 – multi-linear 239 monotone circuit value problem 154 monotone circuits 103 M-program 129 – over a free monoid 132 – program language 133 – uniformity 134 MULT 16 multi-linear – monomial 239 – polynomial 239 multi-tape Turing machine 234 multiplication 16, 161

– iterated 22 – matrix 17, 175 – polynomial 176

N 237, 239

NAND circuit value problem 154 NAND-CVP 154 NC 107, 149 NC^1 122, 123, 126, 127, 133, 149 – complete 132 – reduction 150, 166 – uniformity 108, 122, 126, 136, 162, 167, 170 NC^i 107 NC^i(K) 118 neural network 84, 103 NEXPTIME 235 Nick’s class 107 NL 235 node 237 non-uniform complexity class 43, 128 non-uniform PRAM 72 non-uniform Turing machine 42 nondeterministic finite automaton 191 NOR circuit value problem 154 NOR-CVP 154 normal form – conjunctive 236 – disjunctive 236 – input 58, 66 NP 235 NP^{(·)} 216 NSPACE 235 NTIME 235 numerical predicate 136

O 234 o 234 O-notation 234 oblivious Turing machine 36 offset 179 oracle 74, 119 – separation 229 – tape 215 – Turing machine 215 order – linear 139 – of a MODp-∧-circuit 90 – of a perceptron 85 out-degree 237 output 8, 173 – tape 235

– wire 8 output gate 8

P 127 P 235 – completeness 151 P^{(·)} 216 P(A) 233 pairing function 233 parallel algorithm 107, 149 parallel prefix algorithm 69 parallel random access machine 1, 67, 105, 107, 110 parallelizable problem 149, 215 path 237 – length 237 P-completeness 151 perceptron 84 – order 85 – size 85 – weight 85 PERM 228 permanent 228 p(g) 60, 123 PH 218 PH^{(·)} 218 PLA 84 pn 238 P^?= NP-problem 1, 217, 218 Pol(a0, a1, . . . , an) 176 Poly 43 POLYINV 178 polynomial 239 – congruence 177 – degree 239 – inverse 177 – multi-linear 239 polynomial method 85, 88, 96, 103 polynomial-time hierarchy 217 – counting 224 – modular 230 – relativized 218 polynomially length-bounded 12, 43 POLYPROD 176 postorder 45 power-set 233 PP 102, 209, 224 P/Poly 44, 215 PRAM 1, 67, 105, 107, 110 – configuration 71 – CRCW 69, 110 – – ARBITRARY 77 – – COMMON 77

– – PRIORITY 77 – CREW 74, 77 – EREW 77 – logspace-uniform 78 – non-uniform 72 – program size 72 predecessor gate 8 prefix sum 69 primality 217 Prime Number Theorem 238 PRIORITY PRAM 77 probabilistic circuit 89 – accepted language 90 probabilistic MODp-∧-circuit 90 probabilistic polynomial 104 probabilistic restriction method 102 processor bound 67 product 16 – inner 17 – matrix 17, 175 – polynomial 176 program – branching 75, 127 – language 133 – matrix 192 – monoid 129 – over a free monoid 132 – PRAM 67 – size 72 – straight-line 178 programmable logic array 84 projection 133 – reduction 133 propositional formula 7 PSPACE 235 ptime-uniformity 47 PUNC 171 P-uniform 47

Q0 136 Q1 136 quantifier 138 – counting 146 – group 147, 163 – groupoidal 163 – Lindström 163 – majority 146 – monoidal 163 – polynomially length-bounded 218 query state 215

random access input 235 reduction

– AC^0 119 – constant-depth 18, 119, 149 – logspace 150 – many-one 150 – NC^1 150, 166 – polynomial time Turing 216 – projection 133 – R 175 – TC^0 230 – Turing 150 register 178 – vector 196 regular language 130, 132, 161 relativized polynomial-time hierarchy 218 remainder 238 representation – Fourier 85 – sign 85 – standard 85 – standard/sign 85 right shift 68 ring 239 ring sum expansion 28 root 237 rudimentary predicate 169, 171 RUDlog 169

SAC 110 SAC^0 117, 118 SAC^1 111, 163 SAC^i 110 SAT 219, 237 satisfaction 138 Savitch’s Theorem 52 SB (f) 79 S(C) 26 SC 162 semi-ring 173, 239 – Boolean 239 semi-unbounded – alternating Turing machine 160, 164 – fan-in circuit 110, 160 sentence 137 sequence 237 set – accepted by a circuit 9 – accepted by a circuit family 10 S(F ) 29 S(f) 26 Shannon’s Theorem 26 shift 68 shortest path 161 sign 85 – representation 85 size 10 – of a branching program 127 – of a perceptron 85 SIZE 10 SIZE-DEPTH 10 small circuits 215 Smolensky’s Theorem 96, 101, 102, 224 Sn 239 solvable group 131, 132, 135, 239 solvable monoid 163 SORT 24 sorting 24, 161 space 235 – bound 55 – constructible 236 sparse set 216 standard bounded fan-in basis 10 standard representation 85 standard unbounded fan-in basis 10 standard/sign representation 85 star-free 168 Steve’s class 162 Stirling’s formula 28, 97 straight-line program 178 – length 179 structure 137 SUB 32 subcircuit 18 – accepting 183 subgraph 237 subtraction 32 subtree 237 – accepting – – of a circuit 117 – – of a computation tree 55 successor 54 – configuration 54 switching circuit 1 symbolic computation 173 symmetric function 9 symmetric group 239

tally set 229 tape – index 235 – input 234 – one-way infinite 235 – oracle 215 – output 235

– single vs. multi 236 – two-way infinite 235 T(G) 44 TC^0 147, 206, 227 – reduction 230 TC^{0 ?}= NC^1-problem 25, 126 TC^1 213 TC^i 126 threshold function 20, 80 – exact 204, 212 time 235 – bound 55 – constructible 236 TM (x) 54 T^n_m 20, 80 transition matrix 41 transitive closure 17 tree 237 – computation 54 tree-size 111 Turing machine 234 – alternating 53 – configuration 41 – counting 224 – deterministic 235 – head reversal 162 – in input normal form 58 – multi-tape 234 – non-uniform 42 – nondeterministic 235 – number of configurations 41 – oblivious 36 – oracle 215 – single-tape 236 – space 41 – time 36 Tx 41 type of a gate 8

U2 81 UB-uniform 134 UCOUNT 24 UD-uniform 123, 134 UE-uniform 61, 123 U^∗_E-uniform 61 UL-uniform 47, 129 unambiguous circuit 212 unary count 24 unary representation 24 UnbDEPTH 11 unbounded fan-in 10 – basis 10 – circuit 10

UnbSIZE 11 UnbSIZE-DEPTH 11 undirected graph 237 uniform circuit family 42, 46 uniformity 2, 12, 122, 125, 162 – condition 47, 122, 125, 162 – DLOGTIME- 167 – logspace- 47, 129 – logtime- 123 – ptime- 47 – UB- 134 – UD- 123, 134 – UE- 61, 123 – U^∗_E- 61 – UL- 47, 129 – UP- 47 – within NC^1 122, 125, 162, 167 uniformity condition 2 UNIT 157 unit – clause 157 – resolution 157 unk 24 upper semi-lattice 33

UP-uniform 47

valid 219 valv 8, 174 Vandermonde matrix 240 variable 136 – bound occurrence 136 – free occurrence 136 – inessential 79 vertex 237 VR(· · · ) 240

weight – of a perceptron 85 – of a wire 84 width – of a branching program 129 – of a circuit 166 wire 8 word problem 132

Z 238, 239

ZERO-MOD-2^c 33

Zp 239