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1 Preface

I would like to give a more or less exhaustive overview on different kinds of
recursive functions and hierarchies which characterize these functions by their
computational power. For instance, it will become apparent that primitve
recursion is more than sufficiently powerful for expressing algorithms for the
majority of known decidable "real world” problems. This comes along with
the hunch that it is quite difficult to come up with a suitable problem of
which the characteristic function is not primitive recursive therefore being a
possible candidate for exploiting the more powerful multiple recursion. At
the end the Turing complete p-recursion is introduced. It completes the
characterization of functions in terms of recursion.

If not mentioned differently, the proofs in this thesis were written from
scratch using the basic ideas of the cited sources.

In the course of writing this thesis I have gained insights beyond the
actual goal of this work. The intensive analysis of the structure of different
types of recursion has revealed to me a new way of thinking in terms of
such recursions. Although, this is something that can be hardly phrased into
definitions and theorems, I still hope some of these insights are conveyed by
reading this work.



2 Class of primitve recursive functions PR

When one talks about a recursive function in a general sense, it is likely to
mean a function which is defined by its predecessing function values. Appar-
ently, this somewhat vague idea leaves room for different concepts, namely
primitive, course-of-value and nested recursion as introduced by [Pet34] who
has also shown their equivalence. We start out by defining the class of primi-
tive recursive functions and gradually introduce the more sophisticated vari-
ants.

2.1 Primitive Recursion class PR

The following defintion is based on [Wag85]. The set of primitive recursive
functions embodies mappings from N¥ to N for arbitrary k. The basic fami-
lies of functions contained by PR are:

Let n,ny,...,ny €N

e Constant 0-function: 0() =0
0ePR

e Projection function: 7¥(ny,...,nx) = n;
ﬂfEPRfOl‘&llkZlandlgigk

Note, m without indices denotes the set of all projection functions
e Successor function: suc(n) =n+1

Using the concept of composition and primitive recursion we inductively
define the complete set PR. To denote that function f has arity k we write
f* just as done above.

e Composition: let f™ g~ ... gk € PR, then it holds that
flgi(ny, ... ;nk), ..., gm(n, ...,ng)) € PR for arbitrary k,m > 1

e Primitive recursion: let ¢, h**2 € PR and f**! is defined by:
g(ny, ... ,ng) n=0

n,MNi,...,NE) =
J(n,m ©) hin—1,nq,...,ng, f(n—1,nq,...,n8)) ,else
fePR

We abbreviate this as f = REC|[g, h]. Notice, the parameters ny, ..., ny

are constant over the course of recursion.

For convenience we introduce some shortcuts which are covered by our defi-
nition in a more lengthy way.



e Fictive variables: let {z1,..., 2} C {z1,..., 2%} and f* ¢' € PR:
If a function f(z1,...,xy) is expected, we can as well pass g(z1,...,x;)
since the following holds:

W’f(g(xl,...,a:l),O,...,O) =g(xy,..., 7))

e Multiple application: let f! € PR:
fO(z) = f(fOY(z)) for all i > 1
fO(z) = 7i(x)

e Arbitrary Constant: we can pass any constant ¢ € N as parameter since
¢ = suc?(0)

For the sake of a better understanding of how to express functions in PR
the following basic functions will be explained in detail.

Additon

Let add(n,a) = n + a, then its primitive recursvie definition is

mi(a) ,n=0

suc(add(n — 1,a)) ,else

add(n,a) = {
or for short
add(n, a) = REC[r{, suc(s(z,y, 2))]
This simply expresses the fact that (n —1+a)+1=n+aand 0+ a = a.

Subtraction
Due to the fact that PR operates on N, we define subtraction as
sub(n,a) =n —a =max{0,a —n}
First, we need a predeccesor function pre(n) = max {0,n — 1}.
pre(n) = REC[0, x2(z, y)]

Looking at the order of parameters in the definition of primitive recursion,
we see that x = n — 1. Now our subtraction can be stated analogously to
addition as

sub(n, a) = REC[ry, pre(ri(z,y, 2))]

Translated to a more readable form:

a ,n=>0

sub(n,a) = {

pre(sub(n — 1,a)) ,else



Multiplication

By using addition and the obvious identity n*a = (n — 1) * a + a we define
multiplication:

mult(n, a) = n * a = REC[0, add (75 (2, y, 2)), m (2, y, 2))]

Again, by looking at the values passed to the function A in the definition of
primitive recursion we can deduce that x =n — 1,y = a,z = mult(n — 1, a)
and can rephrase the above function as:

REC|0,add(mult(n — 1, a), a)]

To spare us from looking up the definition each time we will use the latter
form from this point on.

Binaryzation
0 ,n=
sg(n) = REC[0, 1](n) =
1 else
Inverted Binaryzation
1 =0
sg(n) = REC[L,0(n) ={ "
0 ,else

2.2 Course-of-value Recursion class PR,

In the definition of PR we restricted ourselves to recursion that only used its
immediate predeccesor function value f(n—1). Instead, we would like to use
any possible predecessors; for a call f(n) these are f(0), f(1),..., f(n —1).
To define the set of course-of-value recursions PR.,, we will use the same
definition as for PR but substitute every occurence of PR with PR.,, and
primitve recursion with

e Course-of-value recursion: let ¥, pf*tt ... pk+t pk+ite ¢ PR, and
f**1 is defined by:
g(na, ..., ng) ,n=0
hin—1,nq,...,ng,
f(nyny, ... ong) = flp,n, .oy ng),
: ,else
f(,umnla s 7nk))




i = pi(n—1,nq,...,n,) <n—1forall<i<ec
f € PReoy forall ¢,k € N

Notice, the parameters nq, ..., n; are constant over the recursion.

So, with this kind of recursion we are now able to refer to a fixed number ¢
of arbitrary predecessors.

Lemma 2.1

PR C PReow
Primitive recursion is a special case of course-of-value recursion with
c=1and pq =7t

OJ

2.3 Nested Recursion class PR,

Yet another idea for extending PR is to allow a change of parameters over the
course of recursion. There was a remark for both previous types of recursions
which explicitly prohibited this. We define this set PR, in the same fashion
as PRcop with the help of PR and instead of primitive recursion allow

e Nested recursion: let g%, h¥+2 M1 € PR, and f**! is defined by:
g(ny, ... ,ng) n=0
hin—1,nq9,...,nk, f(n—1,X,...,\)) ,else
Ai=A(n—1,ny,...,n) forall 1 <i<k

f € PR, for all k € N

f(n,nl,...,nk) =

An interesting case of nested recursion is obtained by using f as definition
for some A;. Let us construct an example for this case:

g9(a) ,n=20
hin—1,a,f(n—1, f(n—1,a))) ,else

It is recognizable that such a function will always terminate as each recursive
step will only call predecessors. How about defining a nested recursion such
that some \;(n,ny,...,ng) = f(n+ 1,nq,...,n,)?7 The result is a function
which will induce an infinite amount of function calls to itself thus never
terminating. We will forbid any kind of nested function definition that leads
to such a non-terminating tragedy.



Lemma 2.2

PR C PRpes
Primitive recursion is a special case of nested recursion with \; = Wffll for
all 1 <@ <k

O

2.4 Recursive Depth
We define the recursive depth |f|,.q of a function f € PR inductively as:
o if f € {suc,0} Um then |f|,q=0
o if f=g(hi, ... h) then [fl,a = max {[hilra}
for g,h1,...,hi € PR

o if f = REC[Q, h] then |f|7"d =1 + maX{|g|rda |h|rd}
for g,h € PR

The recursive depth for a course-of-value recursion f € PR, is defined as:

o |flra = 1+max {|glra, | hlra, [palra: - - -, [ptelral
if f is a recursion given by g, h, i1 ..., tte € PReow

The recursive depth for a nested recursion f € PR, is defined as:

. ’f’rd =1 + maX{’g’rda ‘h‘rda ‘)\l‘rda LR p\k|rd}
if f is a recursion given by g, h, A1, ..., Ay € PRues

Beware of the same symbol name of recursive depth for different recursion
types. This does not imply that two functions of different recursion types
which represent the same mapping have equal recursive depth.

2.5 Recursive Relations

[Pet34] has used recursive relations to demonstrate with ease that certain
number-theoretic functions, which we need to use later on, are primitive
recursive. We extend this idea to express primitive recursive functions in a
declarative manner.

e A relation R* is a subset of N*



The characteristic function r of R¥ is given by:

1 ,(ny,...,n) € R
0 ,else

r(ny,...,ng) = [e] = {
with e being a boolean expression such that R = {(nl, ...,ny) € NF | e}

A relation R* is recursive, iff its characteristic function » € PR
A function b is a binary function, iff its target domain is {0, 1}
All characteristic function of recursive relations are binary functions

Logical conjunction A of two binary functions b¥, b.:

1 ,bi+by=2
bl/\bgz 71+2
0 ,else

with bl = bl(nl,l, e ,nLk) and b2 = bg(TLz’l, Ce ,77,275)

Logical negation — of a binary function b:

1 ,b(nl,...,nk):()

0 ,else

ﬂb(nl,...,nk) = {

For any binary function b* € PR it holds that —b* € PR:
=b(ny,...,nk) =3g(b(ny,...,nk))

Equality n = m is a recursive relation since its characteristic function
r is given by r(n,m) =sg((n —m) + (m —n))

For any recursive relation R* its complement R¥ = N*\ RF is recursive
as well with resp. characteristic functions r,7:

F(ny,...,ng) =-r(ng, ..., ng)

For any two binary functions b, b, € PR it holds that by A by € PR
since it can be stated as recursive relation by A by =1 < by + by = 2
with b1 = bl(nl,l, e ,nLk) and b2 = bQ(nQJ, . ,ng’l)

Binary functions in PR are closed under composition of logical con-
junction and negation

Greather than n > m is a recursive relation since its characteristic
function r is given by r(n,m) = sg(n — m)



e For any binary function bt € PR and y* € PR and the function
f(ny,...,ng) =max{0 <z <y(ny,...,ng) | b(z,n1,...,n,) =1Va=0}
it holds that f € PR. f can be expressed as follows:
f(ny,...,nk) = f'ly(na, ... ,ng),na, .oy k)
f'(n,nq,...,n,) = REC[0, g](n,nq,...,nk)
gn—1,ny,....n, f,..) = REC[f),.,n](b(n,ny, ... ,np),m, fre)

pre

e For any binary function b**! € PR and y* € PR and the function
f(ny,...,ng) =min{0 <z <y | blx,ny,...,n) =1Vz=y}
with y := y(nq,...,ny) it holds that f € PR. f can be expressed as:
f(ny,...,nk) = f'(y,n1,...,nk,y)
f'(n,nq,...,ng,m) = REC[m, g|(n,n,...,ng,n)
gn—=1,n1,...,np, 7, f),.) = REC[f, .., i—n](b(m—n,ny, ..., ), 0,7, f,.)

pre?

e With the above two items we have obtained an easy and compact way
to define functions in PR, for that we write:

f(ny,...,ng) = [maxx < y(ng,...,ng) :b(z,ng,...,ng)]
f(ny,...,ng) = [minx <y(ny,...,ng) :b(z,n,...,n)]

For the next sections prime power decomposition is important, so we will
show that the neccessary functions lie within PR with the help of recursive
relations.

e pow(n,a) := a" = REC[1, mult(a, pow(n — 1,a))]
e fac(n) := n! = REC[1, mult(n, fac(n — 1))]

0 ,b=0

o div(a,b) := {LGJ else

div(a,b) = [maxc < a:a > bx* (|

1 ,ais a divisor of b

0 ,else

e dvsr(a,b) :=alb = {

dvsr(a,b) = REC[1, dvst'(a, b)](b, a)
dvsr'(a,b) = sg([maxc < b:b=ax*c])

1 ,nis prime

e isprim(n) := {

0 ,else

isprim(n) = sg([maxc <n—1:¢nAc>1])



2 ,n=20
b p(”) =DPn = . . .
min{c € N | p,_; < cAcis prime} | else
p(n) = REC[2,p'(n —1,p(n —1))]
p' (1, Ppre) = [mine < p,,. !+ 1 :isprim(c) A c > p,,.]
0 ,a =10
o w(n,a):=
max {c € N | pfla} ,else

w(n,a) = [maxc < a: pSla]

To define the sequence of prime numbers p,, as primitve recursion we have
used an upper boundary for the difference between two neighboring prime
numbers, which we will proof now.

Lemma 2.3

YV prime p I prime p’ : p<p <pl+1

Assume that this is not true, which implies p+ 1,...,p! + 1 are not prime.
Let y be a prime divisor of pl + 1 = y < p+ 1 = y|(p' + 1) A y|p!
= Va,be N:yl(a(p! +1)+bxp!) = y|l ¢

O
Definition by case
For g, hy, ..., h. € PR and recursive relations R?, ... R? with resp. charac-
teristic functions rq,...,r. we say f is a definition by case if
g(a) ,n=20

hi(n—1,a, f(n—1,a)) ,r(n—1,a)=1
f(n,a) = :
he(n —1,a, f(n—1,a)) ,r.n—1,a)=1

0 , else

and if more than one case condition is true for some (n,a) use the first case
for which the condition is fulfilled, e.g. if ri(n,a) = r;(n,a) =1 for i < j
then h; is applied.

Lemma 2.4

For a definition by case f given by g, hy, ..., he,71,...,7. € PR it holds that
fePR.
f(n,a) = REClg, h]

9



h(n,a, fpre) = zc: |l /\ ri(n,a) =0ATi(n,a) = 1“ * hi(n,a, fpre)

=1 ||1<5<3

with the empty conjunction set to true.

2.6 Equivalence of PR and PRy

Before we proof that every course-of-value recursion can be written as prim-
itive recursive function, we will show that it can be restricted to the use of
only one non-recursive parameter without loss of generality.

Lemma 2.5

For k € N, f&1 2 € PReooy:

VT 3 (n,a) s f(nyna, .. ne) = (0, pit s - -k pik)

Define f” exactly the same as f and replace any occurence of n; with w(i, a)
forall 1 <i¢<k.
O

Theorem 2.6
PReow € PR

This will be proven by showing that any course-of-value recursion can be
rewritten as primitve recursion by induction over the recursive depth. Our
inductive statement is

Vf(n,a) € PReow with |fl,q <€ 3f'(n,a) e PR: f=f

For the base case £ = 0 no recursion can occur, so the inductive hypothesis
obviously holds. For the inductive step £ + 1 we have a function f € PRcos
with |f|,a = £+ 1. This f is a course-of-value recursior|]] parameterized by
the functions g, h>™¢ p2, ..., p? which lie within PR as we can deduce from
our inductive hypothesis. Now we construct a f’(n,a) such that f'(n,a) =
f(n,a):

f'(n,a) = m(n, f'(n, )

g(a)
2 ;n =0
f”(n,a) = [/) . mi,o
K(n—1,a,f"(n—1,a)) ,else

! Actually, it could be a substitution given by some functions for which we would trans-
late each one separately

10



W(n—=1,a, fp.) = fpre x PoW(h(n = 1,0, (p1, fe), - @ (bes fore)) Pn)

with p; = pi(n — 1,a) for all 1 <i <e.
]

Proof of Correctness

Our claim is that f = f’ which, again, is proven by induction over n. Our
base case n = 0:

£(0,a) = g(a) = =(0,pf) = @(0, £(0,a)) = £'(0,a)
The inductive step n + 1:
f(n+1,0) = hin,a, f(u(n,a),a),..., f(u(n, a),a))
f(n+1,a)=wn+1,f"(n+1,a))
f"(n+1,a) = h'(n,a, f"(n,a))
f'(n+1,0) = h(n,a,@(u(n,a), ["(n,0)),. ... @(p(n,a), f'(n,a)))

This leads to the question

h(n7 a, f(lul(nu CL), CL), T ’f(MC(n7 a)? a))
h(n, a,@(p(n,a), f(n,q),....@(u(n,a), f(n,a)))

This holds true, iff
flui(n,a),a) = @w(ui(n,a), f'(n,a)) V1<i<c

Due to our inductive hypothesis we can assume that

. ! . . . .
fG,a) = f'(G.a) =@ (j, f"(j,a)) Vi <n+1
and the fact that f” is preserving each predecessor due to h' meaning

@ (. f"(G,a)) ==, f'(L,a)) VI =]

which conclusively proves our claim since

pi(n,a), ... pe(n,a),j €40,...,n}

11



2.7 Equivalence of PR and PR,.s

As for PR o, we will show that nested recursion can be restricted to the use
of only one non-recursive parameter without loss of generality.

Lemma 2.7

For k € N, fk*1 2 € PR,
vkarl Elf,(n7a) : f<n>n17' e 7”16) = f/<n7p7f1 O *pzk)

If |f|lra = 0 define f’ exactly the same as f and replace any occurence of
n; with w(i,a) for all 1 < i < k. If f is a nested recursion parameterized
by g, hFt2 NiTL AT we use an inductive argument over the recursive
depth such that g, h, A1, ..., A. can be assumed to be given. f’ can be written
as:
g(w(l,a),...,w(k,a)) ,n=>0
f'(n,a) = h(n—1,w(1,a),...,w(k,a),

k
fiin—1,11 p;\z‘(n*LW(l,a),-..,IW(k,a)))) else
i=1

Theorem 2.8

PRTL@S g PR
Again, we will use an inductive argument over the recursive depth. Our
inductive statement is

Vf(n,a) € PRues with | fl.q <€ 3f (n,a) € PR: f = [

For the base case £ = 0 no recursion can occur, so the inductive hypothesis
obviously holds. For the inductive step £ 4+ 1 we have a function f € PR,
with |f|,a = ¢+ 1. This f is a nested recursionf| parameterized by the
functions ¢!, h?, A2 which lie within PR as we can deduce from our inductive
hypothesis. Now we construct a f’(n,a) such that f' = f:

f/(nv a) = fll<n7 a, n)

f”(n,a,ﬁ) _ {g(aﬁ) , N = 0

h(n —1,a2" f"(n —1,a,m)) ,else

2same case as in the footnote of Theorem 2.6

12



a ,TLZO

3|3

w(n,a,n) = ax = {

M@ —n,w(n—1,a,m)) ,else

Proof of Correctness

For a nested recursion f? parameterized by g, k3, A2 we formalize the concept
of calling its predecessor:

f(n,a) = f(n—1,b) & AX(n—1,a) =b

The next step is to proof that the change of parameter during the nested
recursion is given by the helper function w.

Vi<m<n:fima™™) = f(m—1a"™")

f(maazim) = h(m - 17 a;lima f(m - 17 )‘(m - 17&27771))) =
f(m> azim) — f(m - 1’ A(m - 17&27771))

Am—1,a""™) =wn —m+1,a,n) = a? ™

Finally, we can begin to proof our claim f(n,a) = f'(n,a) by induction. The
base case n = 0:

f(0,a) = g(a) = g(ag) = f"(0,a,0) = f'(0,a)
For the case n+ 1 we have to carry out another induction within our current
one:
fln+1,an,) = - = f(0,ap1)
I I I
f"(n+1,a,n+1)— - = f"(0,a,n+1)
In other words, we show the following
VO<m<n+1:f(m,ali™) = f"(m,a,n+1)
For the case m = 0:
£(0,a%1) = glapiy) = f(0,a,n +1)
For thecase 0 <m+1<n+1:

fm+ 1 ap ") = h(m, a7, f(m, A(m, ap (7))

13



f"(m+1,a,n+1) = h(m,a] 7, f"(m,a,n + 1))
fm, A(m, a7 ) = f(m,alfi™™) = f"(m,a,n+ 1)

For (*) we used our induction hypothesis. We finalize our proof by connecting

f" to fand f":

fin+1,a)=f'(n+1,a)=f"(n+1,a,n+1)

O

A nested recursion with A(n,a) = f(n,a) can be calculated by successively
evaluating £(0,a), £(0, £(0,0)), £(1,a), F(1, F(1,0)),.. ., f(n,a), f(n, f(n,a)).
This can be expressed as definition by case using the parity of the recursive
variable.

Corollary 2.9
PR= PRcov: PRnes

2.8 Loop programs
Loop programs are a well known concept in computer science which have
the nice property of always terminating. We will show that they are exactly
as powerful as primitive recursion and furthermore can be seen as nested
recursion in disguiseﬂ We define Loop programs as in [Volll].
Syntactical components

e Variables: xq,xy, 3, . ..

e Constants: 0,1,2,...

e Keywords: LOOP, DO, END

e Other SymbOIS: ’_i_” ’_7, 7::7’ 7;7

3This qualifies as a reason as to why a formal analysis of Loop programs is stressful in
general refering to the previous proof of correctness

14



Syntax

o If z;, z; are variables and c is a constant, then
"x; = x; +¢” and "z; := x; — ¢;” are Loop programs

o If P, P, are Loop programs so is "P; Py”
e If P is a Loop program and z; is a variable, then
"LOOP z; DO P END;” is a Loop program
Semantics

A Loop program P calculates a function fp : N*¥ +— N with the input
ni,...,n,. It does that by setting the values of the k-first variables to its
respective input x; = n; at the beginning of the program. All other variables
used in P are set to 0 initially.

o After execution of "z; := x; + ¢;” the value contained by z; = z; + ¢
o After execution of "z; := x; — ¢;” the value contained by z; = max {0, z;

e "P1 P27 indicates to execute P1 and then execute P2 with all the
values of variables being the same as at the end of P1 when executing
P2.

e "LOOP z; DO P END;” means to execute P x; times. Possible changes
of the value of x; during execution of the loop body P do not affect the
number of iterations

At the end of the execution of a Loop program the value of the variable z;
is returned. We call the set of all Loop programs LOOP.

Loop nesting depth

Given an arbitrary Loop program P, we define its Loop nesting depth |P|;
as follows:

o if P="x;:=x;+¢” then |P|;y =0
o if P="x;:=x; —¢;” then |P|;y =0
o if P= ”Pl PQ” then ‘P‘ld = max{|P1|ld, |P2|ld}

e if P = "LOOP z; DO P, END;” then |Plyy = | Pl + 1

15



Theorem 2.10

LOOP C PR

A Loop program P which uses k input variables and m variables in total, can
be described as a collection of functions fi,... f,, which calculate the value
of their respective variable after the execution of the program. The function
fp calculated by P is given by

fp(nla"'ank) :fl(nla'”?nkvoa'”?())

To show this we prove:
Vv P € LOOP and |P|ld§62fp € PR

with fp being the function calculated by the Loop program P.

For the base case ¢ = 0 we argue that a Loop program with nesting depth
0 can only consist of a finite sequence of arithmetic operations of either the
form "z; := z; + ¢” or "x; := x; — ¢”. The values of these assignments can
be simply calculated by

z;+c=suc(z;) and z; —c = prel?(z;)

So, such an operation is determined by ¢, j, ¢ and the operator '+’ or '—". Let
A be the set which contains all possible arithmetic operations for a program
which uses m variables:

A:{(z’,j,o) | 1§i,j§mando€{f(c) | f € {pre,suc} andceN}}

For any Loop program given by a non-empty sequence ((i1, j1,01), - - -, (i, ji, 01))
of length [ we can determine fi,..., f,, as follows:

for1<p<m,1<qg<lI:

fp,O = 77';
fro= Oq(qu,qfl) g =D
P — .
fp,q—l 7Zq #p
fo(1, o xm) = fou(@r, o )

To illustrate the idea behind this we will compute the function table for a
concrete example.
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Line ¢ Program fl,i f2,i fgﬂ'
0 1 To T3
1 T1 = X9 + 3; suc® (x5) To T3
2 | xo=1x1 — 2 suc® (x5) pre® (suc® (zy)) T3
3 | a3 =19+ 4 suc® () pre® (suc®(z3))  suc® (pre® (suc® (z,)))
4 |z =21 —1 | pre(suc®(z3)) pre®(suc®(z3)) suc® (pre® (suct®(zy)))

Note, for better readability the actual variables were used instead of the corresponding projection functions

For the inductive step ¢ + 1:
P ="LOOP z; DO P, END;”

we show

fp € PR for |Pl|ld < l

Due to the inductive hypothesis there is a collection of primitive recursive
functions which calculate the value of each of the m variables after the exe-
cution of F;. Let these functions be f;1,..., fin then we obtain fp as nested
recursion:

fp([[‘l, e ,l’m) = hl(IL‘Z‘,Il, e 717m)

hy(n, 1, ..., Tp) = {

Tp ,n=>0
hin =1, fir(z1,...yxm), ooy fim(@1, .o xm)) else
It is noteworthy that a nested recursion is semantically equivalent to a LOOP
instruction in the following sense:

z% := value of ; after execution of "LOOP k DO P, END;”

J

ot =hij(k,x, .., a) V1< j<m k>0

Additionally, P = "P;; P,” is in PR. P;, P, can be Loop programs as in
the inductive step or programs with nesting depth smaller than n + 1. By
reason of this restriction there are primitive recursive functions for P; and
P,. Let us call them fi 1, fa1 ..., fi,m, fom With m being the maximum count
of variables used in either P, or P,. The function fp: calculating P’ is given
by:

fp/([Eh . .Z'm) = f271(f171(l'1, . (L’m), ceey fl,m(xla e l’m))

17



Theorem 2.11
PR C LOOP

First, we introduce an extension of Loop programs:
If x;,24,,...,2,, are variables and P € LOOP with fp being the correspond-
ing function then "z; := fp(z,,,...,2,,);” means that after the execution of
this line z; = fp(za,,...,%,,). Furthermore the evaluation of fp has no
meaningful side effects to the calling program. This can be accomplished by
appropriately renaming the variables occuring in P.

Vf € PR with |f|.q < (3P € LOOP s.t. fp=f

For any set of functions hf,h?,... h? € PR which can be calculated by
Loop programs Py, ..., P, the composition f™ = ho(hy, ..., h;) can also be
expressed as Loop program. Py is given by:

Tpa = hy(21, ... xp);

Thp = hi(x1,. .. 2p);
€Ty = hO(J"h,la s 7$h,k);

The base case ¢ = 0 is trivial as it just requires to express constant O-function,
successor and projection function as Loop programs. For the inductive step
¢+ 1 we show:

"t = REC[g", h"*?] with |g,a, |h|.a < ¢ is calculated by Py

For that, the induction hypothesis grants us that g, h can be calculated by
some Loop programs. Py is given by:

= g(x2,...,2);

LOOP z; DO
= h(Tent, oy .oy T, Tf);
Tent = Tent + 17

END:;

= Ty

Corollary 2.12
PR = LOOP
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2.9 Grzegorczyk Hierarchy

This hierarchy classifies primitive recursive functions by their growth. For its
definition we follow [Wag85] with a small adjustment. We start by recursively
defining a series of boundary functions:

By(n,a) =n+1, Bi(n,a) =n+a, Ba(n,a) =nx*a

Vn > 2: Byy1(n,a) = REC[1, B,(a, Bpyi(n —1,a))]

All boundary functions are primitive recursive and |B;|,¢4 = ¢ holds for all
i > 0. We define bounded primitive recursion for ¢', h?, k? € PR E] as:

f? =BPR[g, b, k] & f = REC[g,h] A | <k
Now, the Grzegorczyk Hierarchy £ for all i > 0 is defined as:
e Bl
o if |f|,q =0 then f € &
o if f(n,a) = g(h(n,a),k(n,a)) then f € & for g,h, k € &
e if f =BPR|g,h, k| then f € & for k € &

Lemma 2.13
Vi>0:& C gl
To prove this we show

Vi>0:B, et e Ime&t B <m

With that we can conclude that anything used to construct a function which
resides in £¢ can also be utilized in £ thus justifying our statement. The
two special cases:

e i=0: By(n,a) < Bi(n+1l,a) &n+1<n+1+a

e i =1: Bi(n,a) < By(n+1,a+1) & nt+a < (n+1)(a+1) = na+n+a+1

4 [Wag85] has defined BPR for g, h, k € yR which we have restricted to PR for the sake
of simplicity. This is justified by the result in [Grz53] that shows that the Grzegorczyk
Hierarchy coincides with PR
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The common case using induction:

(x) Vi > 3: B;_1(n,a) < B;(n,a)
1=3:By< B3 axn<a"Van>0
i+1>3:B;< B

(0)Vn >0: Bi(n,a) < Biy1(n,a)
n=0:B;(0,a) < Bi;1(0,a) 1< 1
n+1:Bi(n+1,a) <Bii(n+1,a)
< B;_1(a, Bi(n,a)) < Bj(a, Bi11(n,a))
) B;_i(a,x) < Bi(a,x +y) ANz = B;(n,a),
NT+y= Bi-i-l(n?a)
gg Bi_l(a,x) < Bz a, .T) < Bi(a,x + y)

Bi(a,x) < Bj(a,z + y) holds because all boundary functions are obviously
montonously increasing w.r.t each variable.

OJ

Theorem 2.14

VZZOB%H%EZ
This is proven by the fact that there exists no function m € £ s.t. By < m.
It is obvious that without the use of substitution B, attains the highest
functions values in £°. Using substitution only once, it can be verified that
B;(Bi(n,a), Bi(n,a)) attains the highest function values. We generalize this
for k substitutions:

M(n,a), B® (n,a))

2

B = By(n,a) , B"" = B;(B!

(2 (2

We conclude that being able to argue that for any &£ > 0 there exists a tuple
(n, a) such that B® (n,a) < Bi11(n,a) implies that By, 1 ¢ £'. We start with
our special cases By and Bj.

Bék)(n,a) =n+1+k, B}k)(n, a) =2"(n +a)
These identities can be easily proved by induction. Now, we can show
Vk>0dn,a>0: B(()k)(n,a) < Bi(n,a) &n+1l+k<n+a

Possible solution: n =0, a =k + 2
Vk>03n,a>0:BY(na) < Byn,a) < 2(n+a) <nxa
zi=n=aqa:2"Mz <o M <

Possible solution: n = a = 2F*2
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For the general case it has to be shown that
(¢)Vi>33n,a>0: BZ-(E)l(n, a) < Bi(n,a)
holds for all £ > 0. For k& = 0:
(x) In>03ag>0Ya>ag: Bi_1(n,a) < Bi(n,a)

We proof the above statement by induction over ¢ and start with ¢« = 3:

dag>0Va>ay: By(n,a) < Bs(n,a) &n*xa<a" =axa"!

en<d e "‘Q/ﬁ<a:>a0::["‘\l/ﬂ+1
The case 1+ 1 > 3:

Jag>0Va>ap: Bi(n,a) < Bit1(n,a)

=4 Bi,l(a, Bz(n — 1,@)) < Bi(a, Bi+1(n — 1,@))
due to (x) Jzg >0V > xy: Bi_1(n,z) < Bi(n,x)

From our previous Lemma we know that B; < B;y; holds for all ¢ > 2 and
furthermore that all boundary functions are strictly montonously increasing
w.r.t. to each variable for sufficiently large values.

x:=Bi(n—1,a), y:=Biyy(n—1,a), x <y

Vo Z Zo - Bi—1<a7x) < Bi((l,l') S Bz(a7y>

Therefore the statement (¢) holds for £ = 0. For £ > 0 we will provide
no more than an informal, intuitional argument. For a formal proof of this
last part look at [Grz53|. Let us consider the example Bél)(& a) (left tree)
compared to Bs(3,a) (right tree):

By B,
N N
BQ BQ a BQ
P P PN
3 a 3 a a By

Pl
a 1

Since By(n,a) = nx*a the left tree yields 32 xa? and the right tree yields a®. In

general, Bfk) (n,a) can be described as a balanced binary tree parameterized
by the constant k£ with a depth of k+1 and 2**! — 1 nodes B,. The structure
of Biy1(n,a) is determined by the variable n with a depth of n and n nodes
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B;. The intuition why B;,; will exceed the function value of Bfk) at some
point, is that choosing a sufficiently large n will lead to a function which has
a higher growth rate than Bi(k) with respect to a as seen in the example 9a?
vs. a® for n = 3.
An interesting observation is that for i € {1,2} BZ»(k) = B;y1(2%, Bi(n,a))
which can be explained by the commutative and associative property of these
operators.

O

Corollary 2.15
Vi>0:& C &

Lemma 2.16

Uien &' € PR
Per definition £ C PR for all i« > 0. It follows that the union of subsets of
PR cannot be larger than PR.

O

Due to our adjusted definition of bounded primitive recursion this statement
is trivial, which indeed is not the case []

2.10 Recursive depth Hierarchy

Using the recursive depth for primitive recursion we define the hierarchy:

PR = {f € PR | |fla <}

Lemma 2.17

Uien PR = PR
Per definition PR’ C PR holds for all i > 0. Considering the definition of
recursive depth for every f € PR there is a ¢ € N s.t. |f|.q = ¢. Hence,
PR C Uien PR’

O

Lemma 2.18
Vi>0:PR CEH

Every function f2 € PR’ can be built by using bounded primitive recursion

5See footnote 4
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avaiable to £ since there must be some ¢ > 0 such that f < Bi(fr)l. To
show that it can be argued that BZ-(C) is the function which attains the highest

%

function values in PR’ for some ¢ and conclude that B! < B,
0J

Lemma 2.19

UiGN gl — PR
The previous Lemma implies that U;cy PR’ C Usen € which further implies
PR C Uien £

OJ

For our next Theorem we need to distinguish the recursive depth of a nested
recursion. Let us denote it with |f|,q for f € PR,es from now on. We
introduce

PRiws = {f € 7),R'nes ‘ ‘flnd S Z}
and ’

LOOP* = {P € LOOP | |P|4 < i}
Lemma 2.20

Vi>0:LOOP' C PR,
For ¢ = 0 this obviously holds as shown in Theorem 2.10 and 2.11. For i:+1 we
look at the program P’ = "LOOP z;, DO P END” with |P|;4 = i, m variables
and 1 < k < m. Due to the inductive hypothesis there are A\, ..., \,, which
each model the change of the respective variable x4, ...z, after one iteration
of the loop. Further it holds that |A;|,q =i for all 1 < j < m. Using a nested
recursion as stated in Theorem 2.10 we obtain a function f s.t. f = fp and
|flna = i + 1. For the case "Py; Py” with | P4, |P2lia < @+ 1 substitution
can be used which does not affect the recursive depth.

O

Theorem 2.21

Vi>0:PR,,, C PR

For i = 0 the statement PR

nes

C PR obiously holds. For the case i + 1:

PRH—I C PRQ(H—I)

nes

We show for ‘
e PRI with |flua =i+ 1

nes
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that there exists a f'(n,a) € PR with |f'|,q < 2(i 4+ 1) s.t. f'=f.

U K () =0
f(n,a) {h(n—1,a,f(n—1a)\(n_1va>>) , else

| flna = 1+ max {|g|nd, ||nd; | Alna} =7+ 1
&= maX{|g|nd7 |h|nd7 |/\|nd}

Our inductive hypothesis ensures the existence of ¢’ h', ' € PR with |¢'|,a, |W |ra, [N |ra <
21 such that ¢ = ¢’,h = ', A = X. Using the translation of Theorem 2.8 to

convert our nested recursion f into a primitve recursion f’ with the help of

g, h', N we can conclude

|f/’7'd = 1 + max {|g/|rd7 |h’/’7“d7 |wlrq}

|w|rd =1+ |X|rd
= fla<1+1+2i=2>i+1)

Corollary 2.22
LOOP’ C PR*

Stated differently, this means that any Loop program with nesting depth
7 can be written as a primitive recursive function with a recursive depth of
at most 2:.

2.11 Turing Machine Simulation

We define a Turing Machine with one-sided infinite tape which always halts
based on the more general version given in [Hop79] as:

M = (Q, F, b, Ea 57 q0, 4+, q—)

@ is the finite, non-empty set of states

' is the finite, non-empty set of the tape alphabet

b € I' is the blank symbol

Y. CTI'\ {b} is the set of the input alphabet
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e (o € (Q is the initial state

® ¢.,q_ € Q) where ¢, is the accepting final state and ¢_ is the rejecting
final state

e §:Q\{qs,q-} xI' = QxI'x{0,1,2} is a computable, total transition
function with 0 being a left shift, 2 being a right shift and 1 being no
shift on the tape

The characteristic function of a Turing Machine M for some input z is defined
as:
(2) = {0 , M (z) stops with final state q_

1, M(zx) stops with final state ¢,
A function f(n) is said to be a runtime function for a Turing Machine M, iff

for all inputs z of length n M () induces at most f(n) calls of the transition
function until it reaches a final state.

Theorem 2.23

Given a Turing machine M = (Q,T',b,%,6, qo, ¢+, q—) with a runtime func-
tion f € PR, its characteristic function c is primitive recursive.

First, we argue that the elements of the sets () and I' can be enumerated by
counting from 0 and we can replace the symbols with the respective number.
Let us assume that b = 0 and ¢y = 0. Since the transition function 90 is
computable and only has a finite definition domain the result for each input
can be computed and expressed as definition by case. This concludes that
each of the following functions is primitive recursive.

So(a,7) = ¢ € 6(a,7) = (¢, y)

or(a, ) =7 € 8(a,7) = (2,7, y)
op(q,7) = d & 6(g,7) = (z,y,d)

Our simulator can be defined as nested recursion with P, being the prime
number sequence for this argumentation:

h(r,q.t,p) 0 , 7 =10
rq,t, =
¢ P h/(Q7 h(T - 17)‘Q(Q7t7p)7AT(Q7t7p)7AD(Q7t7p))) 7else
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0 4 =q-
(g hpre) =31  Jq=q4
hpre , €lse

AQ(Q7t7p) = 6Q(Qaw<pa t)) ) AD((Ltvp) =p + 5D(Q7w<pa t)) —1
_ |t 5r(a:(p,1))
Ar(q,t,p) = \‘WJ * P rEEw

For all inputs x = xg...z,_1 with x; € ¥ for 0 < i < n it holds that

c(x) =h(f(n)+ 1,0,71:[ Pl 0)

The nested recursion saves the current state in ¢, the tape position in p and
the tape in ¢ by utilizing prime power decomposition. A\g simulates the state
transition, Ap does that for the tape position and Ay modifies the current
tape cell accordingly. w(p, t) returns the current cell content. h calls f(n)+1
to ensure that b’ is always called at least once. Due to the requirement that

M has to terminate after doing at most f(n) steps, h(0,...) is never called.
0J

Corollary 2.24
V L € EXPSPACE with characteristic function c it holds that ¢ € PR.

Proof sketch: utilize that DSPACE(s(n)) € DTIME(2°¢()) as known from
20(1)
introductory course to computational complexity and show that O(22 1 ) C

PR.
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3 Multiple and p-recursion

3.1 Multiple Recursion class MR

The next probable 'natural’ extension to recursive functions would be instead
of only recursing over one variable to do this over r recursive variables. The
following definition is more powerful than the one stated in [Pet36] since it
inherently allows for nested and course-of-value recursion. [Pet35] has shown
that this definition does not exceed multiple recursion by the same means we
have used to show that nested and course-of-value recursion do not extend
PR. Therefore we will spare us from showing this again. This class of re-
cursive functions will be called MR and as extension self-evidently contains
all functions of PR.

Let nq,...,n,,a € N
e Predecessor: pre(a) € MR

e Composition: let f™ . g7,...,q, € MR, then it holds that
flar(ny, ... ,ng), ooy gm(na, ... yn,)) € MR for m € N

e Multiple recursion: let g”, A"™Fe pi ™ AT € MR for 1 < i < ¢
1 <j <rand f is defined by:

g(ng, ..., n,,a) ;=0
h(nla'-'anwaafla"'afc) 7else

Ji= fz‘(/iz‘,/\i,l, R /\i,r)y Hi = Mz‘(nl, e ,nr,a) with p; < mn; and
)‘iJ = )\m(nl, e ,’I”LT,CZ)
feMRforallr,e>0.

The same as for nested recursion applies for the \; functions. A ); is only
allowed to be defined in terms of f such that all calls of f induce only a finite
number of function calls, or in other words f remains total. Even though
any of the recursive variables but the first can grow during the recursion all
functions in MR still remain total since the first recursive variable is strictly
decreasing for each recursive step.

Our next step is to show that the class of multiple recursion is a strict superset
of primitive recursion. For that we use exactly the same argumentation as
in [Pet35].

As we have seen, primitive recursive functions can be restricted to the use
of only one parameter without loss of generality. Now we will show that a
primitive recursion with one parameter can be rewritten into one without
any parameters.

f(ny,...,npa) = {
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Lemma 3.1

V f(n,a) = REC[¢g', R3] € PR3 f'(n) € PR : f(n,a) = f'(2" % 3%)

If x = 2" % 3% is divisible by 2, this implies n # 0 and therefore h has to
be called else g. This can be written as course-of-value recursion:

0 ,xt =20
fia) = {g(=(1,2)) ,(2])
hw@(0,2) - 1,w(1,2), f(|5]) 20

2

Note, that the function value of f’(0) is not bound by f, so f(0) can be an
arbitrary value.
O

With this we state an equivalent definition of PR which we call PR..

Let n,ny,ny € N
d {’K%ﬂ W%a pow, w} C PRQ

e p(n,a) :=p, € PRo.
Note, that the parameter a is a fictive variable

e Composition: let f?, g%, g2 € PRo, then
f(gl (nh n2)7 92(n17 nQ)) € PRQ

e Primitive recursion: let h* € PRy and f is defined by:

0 ,n=2~0
fln) = {h(n —1,f(n—=1)) else

f? € PR, ; note that the second variable is fictive
for short f = RECy[h]

Since PR is obviously a subset of PR it just has to be shown that the
constant-0 function and the successor function can be expressed in PRy to
show that both definitions are equivalent.

e 0=w(n,n)
o nxa=w(0,(p5)")

e n+1=w(0,p} *po)
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Now we can enumerate all functions in PR, as a sequence

@0(”, (l), @1(”7 (l), s 790m<n7 (l)

such that every function in PR occurs at least once in this series. In other
words ¢ is a valid enumeration. Examing the function ¢(m,n,a) := ¢,(n,a)
leads us to a diagonalization argument.

Theorem 3.2

o(m,n,a) ¢ PR
Assume the opposite: ¢(m,n,a) € PR = ¢(n,n,a) = pp(n,a) € PR =
d(n,n,a)+1 € PR = Im : pn(n,a) = ¢(n,n,a)+1 = for the function value
with n = m: ¢,(m,a) = p(m,m,a) + 1= ¢(m,m,a) = ¢(m,m,a) +1 4

O

To argue that ¢(m,n,a) € MR we need to state a concrete enumeration.
The first five functions are defined as:

o vo(n,a) =7i(n,a)
e pi(n,a) =73(n,a)
* ©2(n,a) =p(n,a)

e p3(n,a) = pow(n,a)

o pi(n,a) =w(n,a)
For k > 4 and k =, 0 primitive recursion is used:
0 n=0
Pmor)(n— 1 or(n—1,a)) else

o vr(n,a) = {

For &k > 4 and k£ =5 1 substitution is used:

o vp(n,a) = Yo ) (Poer (N, a), ok (n, a))

Lemma 3.3

@ is a valid enumeration

To show that this is a valid enumeration which covers all functions in PR at
least once, for any given k there needs to be an r such that ¢, = REC;[py].
A possible solution is r = 2% x 5. Obviously, we cannot find an r for k = 0
since 7 needs to be even and bigger than 4. However, this isn’t bad as
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REC;[po] = RECy[r?] = n thus not foiling our argumentation.
This needs to hold for substitution as well; explicitly stated: given ki, ks, k3
there has to exist a s s.t. @5 = ©r, (Prys ks ). A valid relation would be
s = 3k % 5R2 TR x 11,

O

Finally, we separate MR from PR with the help of the aforementioned
function ¢.

n ,m=10
a ,m=1
p(n) ym =2
pow(n, a) ,m=3
p(m,n,a) = {w@w(n,a) ,m =4
0 ,m>4Am=0An=20
d(wo(m),n —1,¢(m,n—1,a)) ;m>4Am=0An>0
¢(@1(m), p(@2(m), n, a),
¢(wws(m),n,a)) ,m>4Am=,1
Theorem 3.4
o(m,n,a) € MR
¢(m,n,a) = ¢ (m,n, py)
¢ (wo(m +1),m,2) M=1
¢’(w1(m+1,n,§) M =2
n ,m=20
a ,m=1
p(n) ,m =2
¢'(m,n,b) = { pow(n,a’) ,m=3
w(n,a) ,m=4
0 m>4/Am=0An=0
Qﬁ’(m—1,n—1,pé*p(f/(m’n71’b)) m>4Am=0An>0
F(m — 1,6/ (wa(m), ),
PE x p(f/(w:“(m)’"’b)) ,m>4,m=,1

M =w(0,b), a =w(1,b)
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Why is this a valid multiple recursion? For the case M = 1 and M = 2
we use course-of-value recursion to obtain the predeccesor wg(m + 1) resp.
wi(m + 1) and a nested recursion to modify the non-recursive parameter b.
Note, that @;(m+1) < m for all m > 4 and i € {0, 1} thus not contradicting
the necessity of a strictly decreasing first recursive variable. The case of
primitive recursion(m > 4 Am,m =5 0,n > 0) uses a nested recursion which
is validly defined in terms of ¢’. For the substitution case(m > 4Am,m =, 1)
two self-refering nested recursions are used as well.

O

Proof of Correctness

We show
(0)Vi>0: ¢(i,n,a) = ¢ (i,n,b) with b = p}

For 0 < ¢ < 4 this obviously holds. For the case of recursion, namely
t+1>4A14+ 1=, 0 it holds for the special case n = 0. So per induction
we can assume

(x) ¢(i +1,n,a) = ¢'(i + 1,n,b)

for proving
?

(i +1,n+1,a)=¢ (i +1,n+1,b)
pi+1,n+1,a) = ¢(wo(i +1),n,¢(t + 1,n,a))
¢+ 1,4+ 1,0) = ¢'(i,n,pb * p ) = ¢ (@i + 1), n, p7 )
Using (o) this is true, iff
&'(i+1,n,0) =¢(i+1,n,a)

which holds due to (x). For substitution we show this for all ¢ +1 > 4 and
1+ 1= 1.

i+ 1Ln,a) = d(@(i + 1), ¢(w2(i + 1), n, a), ¢(as(i + 1), n, a))
(b/(Z + 17 n, b) = ¢I(i> ¢I(WZ(Z + 1), n, b),pg * ptf/(wg(i+l),n,b))
= ¢/(@1(i + 1), ¢ (wa(i + 1),1,b), pf Dm0

Due to the fact that w;(i + 1) < i+ 1 for ¢ > 3,5 > 1 we can use (o).
Therefore

zj = ¢ (w;(i +1),n,b) = ¢p(w;(i + 1),n,a) for j € {2,3}
¢/(w1(i + 1)7 227p§3) = ¢(W1(Z + 1); 22, 23)
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Remarks

The set of multiple recursion MR can be divided into subsets MR’ for all i >
0. Such a subset contains only functions with at most ¢ recursive variables.
The set MR' = PR and we have just shown that MR' C MR? [Pet36]
has generalized this diagonalization argument to prove that indeed MR’ C
MR for all i > 0 holds. In [Pet50] transfinite recursion is introduced and
shown to be a strict superset of MR, again by diagonalization. For that,
the number of recursive variables for the diagonalization function of MR is
determined by a variable of the function itself. For an eventual reference we
denote the set of transfinite recursive functions with 7R.

3.2 p-Recursion class uR

The class of R as shown in [Wag85] is defined as follows:
o fEPR=fecuR

e si-recursion: for total fA¥! € uR let
/’L[f](n177nk):mln{x20| f(l'?nl,...,nk):()}
plf] € pR for all k >0

To prove that u-Recursion is Turing complete we will use While programs
for which this property is known.

Definition of While programs

For the definition of While programs we refer to section 2.8 Loop programs.
A While program is semantically and syntactically defined in the same way
as a Loop program with the following exception:

o [f P is a While program and z; is a variable, then "LOOP z; DO P
END;” is not a While program

e If P is a While program and x; is a variable, then "WHILE x; # 0
DO P END;” is a While program. This statement means to succesively
execute P as long as x; doesn’t contain the value 0.

We call the set of all While programs WHILE. A While program can be
interpreted as a set of functions for each variable just as for a Loop program.
If a While program does not terminate for a certain input the corresponding
function value is undefined for this case.

The While nesting depth |P|,q is determined in the same way as the Loop
nesting depth with the addition:

e if P = "WHILE #; # 0 DO P, END;”, then |Pluyq = |P|wq + 1
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Lemma 3.5

WHILE C yR
Our inductive hypothesis:

V P € WHILE and |P|ys < {: fp € uR

with fp being the function calculated by the While program P.

The base case ¢ = 0 is the same as in Theorem 2.10 because the set of While
programs equals the set of Loop programs if both are restricted to a nesting
depth of 0 and PR is a subset of R per definition.

For / +1:

"WHILE z; # 0 DO P, END;”
The inductive hypothesis grants us as set of functions f,..., f,, which cal-
culate the value of their respective variable x4, ..., x,, after the execution of
P.For1<j<m:

. =0

hi(n,y,...,xm) = i "

hiin —1, fi(z1, .., Tm)s oy frn(T1, oo, 2m))  else

With that fp can be expressed as
fp=hi(z,21,...,2)

2= plh)(z, .. Tm)

z is the smallest number such that executing P, z times leads to x; = 0. This
is exactly the number of iterations induced by the "WHILE” instruction. If
z is undefined for a particular input, so is fp. For the While program P =

"P; P, the same argumentation as in Theorem 2.10 can be applied.
OJ

Lemma 3.6
R € WHILE
For this we simply proof that
VfepuR3IP e WHILE : p[f](z1,...,2m) = fp

with fp being the function calculated by the While program P. Essentially,
this is yet another inductive argument over the recursive depth such that f
can be assumed to be calculated by some While program. The wanted While
program P is:
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Tept :=0; 5= f(0,21,...,%m);
WHILE 2, # 0 DO

Tent *= Tent + 15

= f(Tents Ty oo Ti);
END:

X1 = Tent,

Corollary 3.7

1R is Turing complete.

3.3 Synopsis

To adequately classify the different types of recursion we have encountered
in terms of complexity classes we only look at binary functions and introduce
following known complexity classes.

RE = {L C N | 3 Turing Machine M which halts on some input n, iff n € L}
coRE = {L CN | N\ L € RE}

Now, the results can be subsumed in the following figure:
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